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PREFACE 


The primary object of this book is to provide an intro- 
duction to the fundamental principles of Geometry suitable 
for a private student, whether he be one who is desirous of 
beginning the study of the subject or one who, after a com- 
pulsory gap in his education, wishes to refresh his memory 
of previous studies. 

The general plan of the book, modified in accordance 
with its special purpose, follows, in the main, recommenda- 
tions made some years ago by the Teaching Committee of 
the Mathematical Association, of which committee the 
writer was at the time the Hon. Secretary. Accordingly 
there is a first part which is intended to lead the student to 
a realization of basic geometric truths by appealing to 
common sense reasoning and intuition. The usual proofs, 
when introduced are considerably modified, the formal 
proofs in logical sequence being postponed to Part II. 
The use of geometry in our everyday life is constantly 
indicated so that the student does not feel that the subject 
is merely one of academic interest. 

Very little “ practical geometry," involving drawing and 
measurements, is employed, as it is thought to be hardly 
suitable to the kind of student for whom the book is written. 
When, however, the theorems enunciated are suitable for 
the purpose, a considerable number of numerical exercises 
are included, their main purpose being to impress the 
theorems on the memory. Also such elementary mensura- 
tion as arises naturally from the geometry is introduced 
and the student thus acquires a knowledge of the ordinary 
rules for the calculation of areas and volumes. 

No previous knowledge of Mathematics, beyond ordinary 


Arithmetic, is required by a student who proposes to use 
it 
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int of 
the book. It is desirable, however, from edis: of 
view that the student who possesses but little Bede 8 
algebra should begin his study of that subject : A spear the 
At a later stage, Trigonometry should be star dur threads 
Student will begin to find himself weaving SE endence. 
from all three subjects and realising their interdep 


NOTE ON THE 1970 EDITION 


; tion 
This edition has been revised to cover the pr 
into Britain of SI (Systéme Internationale), the in 
ally agreed metric System. : arious 
i a Tespects the book ignores SI. First, pe units 
reasons the centimetre is officially excluded ses objected 
available, but many eminent people have alrea hes con- 
to this decision, and it is certainly true that it is tructions. 
Venient to handle centimetres when making A radian, 
Secondly, we have completely ignored the use o t apparent 
a unit of angular measure. Its advantages are no not many 
in the earlier Stages of mathematics and there are with the 
Protractors available marked in radians, and asi 
centimetre, it is more convenient in practice. fore being 
the student does come across radians befo 


by 
es 
introduced to them, he can convert them to degre 
multiplying by 360/27. 
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INTRODUCTION 
WHAT IS GEOMETRY? 


|. The Practical Origin of Geometry. 


The word “geometry” is derived from two Greek 
words, and means “earth measurement." This suggests 
that in its beginnings the subject had a practical basis, 
with which the Greeks were familiar. Itis known that the 
Greeks did not originate geometry, but became acquainted 
with the subject through their intercourse with the 
Egyptians, who, by tradition, were the first to develop the 
Science. Ancient inscriptions and records indicate that this 
gifted race employed some of the principles of geometry 
in land surveying, together with simple developments, such 
as are now included in the subject of Trigonometry. 

This practical application of geometry appears to have 
originated in the annual recurrence of widespread floods in 
the Nile valley. These resulted in the obliteration of many 
of the boundaries of private lands. Hence the necessity 
of restoring them after the subsidence of the waters of the 
river. Originally the work was undertaken by the priests; 
to accomplish it they applied certain geometrical principles, 
many of which they no doubt discovered. f 

It is also a fair assumption that the construction of their 
massive temples, tombs and pyramids could scarcely have 
been accomplished without a considerable knowledge of 
geometry and mechanical principles. 


2. The Development of Abstract Geometry by the Greeks. 


It was, however, the abstract conceptions and logical 
reasoning of geometry which made a special appeal to the 
Greeks: to them, abstract reasoning of any kind was con- 
genial. Consequently, when philosophers adopted geometry 
as a subject for study and discussion, they were not satis- 
fied with the knowledge of some geometrical truth; they 
sought for logical and incontrovertible proof of it. 
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Gradually there came into being a considerable body of 
geometric theorems, the proofs of which were known and 
were parts of a chain of logical reasoning. The proof of 
any particular theorem was found to be dependent on some 
other theorem or theorems, and logically could not be based 
on them unless the truth of these, in their turn, had been 
established. Nothing was to be assumed, or taken for 
granted, except certain fundamental self-evident truths, 
termed axioms, which from their nature were usually 
incapable of proof. 

Thus there gradually was established a body of geo- 


metrical knowledge forming a chain of geometrical reasoning 
in a logical sequence. 


3. Euclid's Sequence. 


As far as is known, one of the first mathematicians to 
formulate such a logical sequence was Euclid, who was 
born about 330 B.c. His book, which incorporated work 
accomplished by previous writers, was one of the most 
famous ever written upon a mathematical subject. It 
became the recognised text-book on elementary geometry 
for some two thousand years, extending to our own times. 
In modern times it has been displaced by a variety of text- 
books, intended to render the Subject more in accordance 
with the needs of the age. These books, in varying degrees, 
avoid what are Now recognised as defects in Euclid, intro- 
duce changes in the Sequence and incorporate such new 
topics and matter as modern opinion and necessity demand. 
It has also become usual that a course in practical geometry 
should precede the study of abstract forma! geometry: 


This method, with some modifications, has been followe 
in this book. 


4. The Practical Aspects of Geometry, 


We have seen that in its origins geometry was essentially 
a practical subject. This aspect of it has of necessity 
continued to be of Increasing importance throughout the 
centuries, since it 1S essential in all draughtsmanshiP 
necessary in the work of engineers, architects, surveyors» 
and others. 
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Practical geometry, in this sense, is mainly concerned 

with the construction of what may be termed geometrical 
figures. Some of the simpler of these constructions have 
always been included in the abstract logical treatment of 
the subject, the accuracy of the methods employed being 
proved theoretically. For example, in practical geometry 
we may learn the mechanical method of bisecting a straight 
line, and go no farther. But the method is made evident 
by theoretical geometry, and has been proved logically and 
conclusively to produce the desired result. 
_ A knowledge of the fundamental principles of geometry 
is also necessary for the study of other branches of mathe- 
matics, such as trigonometry and mechanics—subjects 
which are of vital importance to engineers of all kinds as 
well as to those who are proceeding to more advanced work 
in mathematics. 


5. The Treatment of Geometry in this Book. 
Geometry may thus be treated from two aspects: 
(1) The practical applications of the subject, and 


(2) As a method of training in mathematical and 
logical reasoning. 
These are reflected in the plan of this book, which consists 
of two parts: 


Part I. This will be concerned with the investigation 
and study of the salient facts of elementary geometry, 
practical methods, intuition and deduction being freely 
employed to demonstrate their truth. It is designed to 
enable the student more easily, and with more understand- 
ing, to proceed to a full and logical treatment of the subject. 


Part Il consists of a short course of formal abstract 
geometry. Limitations of space do not allow of a full 
treatment, but it is hoped that it will be sufficient to enable 
the student to realise the meaning, and perhaps to feel 
something of the satisfaction to be derived from the logical 
completeness of mathematical reasoning, from which vague, 
unsupported statements and loose thinking are excluded. 


PART ! 


PRACTICAL AND THEORETICAL GEOMETRY 


CHAPTER ! 
SOLIDS, LINES AND POINTS 


l. Geometric Forms and Figures. 

It is seldom realised to what an extent the terms and 
facts of geometry are woven into the fabric of our daily 
life, and how important is the part they play in our environ- 
ment. Such geometric terms as square, rectangle, straight 
line, circle and triangle are familiar to everybody. Most 
people realise what they signify, though ideas about them 
may occasionally be vague and lacking in precision. 


We are familiar also with the pictorial representation of 


Oblong or Triangle Circle 
Rectangle 
Fic. l. 


these terms by means of drawings such as are shown in 
Fig. l. These drawings we may call geometric figures. 
They will be found very useful when examining and dis- 
cussing the properties oi the particular forms represented. 


2. Geometric Figures and Solids. 

Many of the geometric figures which we see around us are 
surfaces of what are termed solid bodies. As an example 
examine the outside cover of an ordinary box of matches. 
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This box has six sides or faces, each of which is an oblong 
or a rectangle. E 

This box may be represented by a drawing in two ways. 
In Fig. 2 (a), it is drawn as we see it. Owing to the wood of 
which the box is composed, three faces only of the box are 
visible. But for the examination of the figure from the 
point of view of geometry, it is usually drawn as shown in 


in reality, are represented 

In this form we are bett 
tion of the body and to devi 
parts of it. For example 


by dotted lines. 

er able to examine the construc- 
elop relations which exist between 
» attaching letters to the corners 


C (b 
Fic. 9, 
for the purpose of Teference, we can state that the faces 


ABCD, EFGH, are equal. Similarly, BCGF and ADHE 
Dceg of equal Opposite faces, and so are ABFE and 


sa solid body, and we must dwell 
Se in which the term is used in 
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3. Surfaces, Lines, Points. 


Examining in more detail the box represented in Fig. 2, 
we note the following points: 


(1) The box is bounded or enclosed by six faces or 
sides, which we call surfaces. 

(2) Two adjacent faces meet in a straight line, which 
is called an edge. Thus the faces ABCD and FBCG 
meet in the straight line BC. In the whole solid there 
are twelve of these edges. 

(3) The Intersection of two edges is a point. For 
example, the edges 4B and BC meet in a point which 
is indicated by B. There are eight such points, 
commonly referred to as corners. Each of these also 
indicates the meeting point of three edges. Thus B 
marks the intersection of the edge BF with the edges 
AB and BC. 


4. Definitions. 


In the preceding section three geometric terms occur: 
surface, straight line, point. It is very important, when 
geometric terms are employed, that we should be quite 
Clear as to the precise meanings which are attached to them. 
It is necessary, therefore, that such terms should be clearly 
and accurately defined. T 

Before proceeding to deal with definitions of the terms 
above, it is desirable that we should consider for a moment 
what should constitute a clear and accurate definition. At 
a later stage this will be dealt with more fully, but it may 
be stated now that defimitions should employ mo words 
which themselves require definition. Further, they should 
contain no more words or statements than are necessary for 
accurate description. 

There are terms in geometry, however, which describe 
fundamental notions, for which no satisfactory definitions 
have been framed, or are possible. They are terms for 
which no simpler words can be found, and at the same time 
are so clearly understood by everybody that definitions are 
not really necessary; there is no misconception as to their 
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meaning. Among such terms are those employed above— 
viz., points, straight lines and surfaces. 

In the same category as these, are many other words 
outside geometry in everyday use, such as colour, sweet, 
noise and shape, which we cannot define by the use of 
simpler words, but we know exactly what they mean. . 

In geometry, though we may not be able to define certain 
terms, such as those employed above, it is necessary to 
examine further the sense in which they are employed, 


when they occur in the subject. 
5. Points. 


It was stated in § 3 that the edges AB and BC of the box 
meet in the point B. This means that the point B marks 
the position in Space where the straight lines AB and BC 
of us to mark a position 
; OF à map, or on a picture by making 
a small dot, and we speak of that as showing some particular 
ate. Thus we may say that 


A point indicates position in space. 
Although we make a small dot, which is visible, to mark 


a particular position, in theory a point has no size or magni- 
tude. Sometimes, for various reasons, we make a small 


cross instead of a dot to j 
the point lies at the inte 
the cross. i 

In Fig. 3 is shown the position of a point as marked by: 


(a) The intersection of two straight lines, AB and 
CD, at O. 


ndicate position, and in that case 
rsection of the two lines forming 
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(b) The meeting of two straight lines, AB and OC, 
at O. 

(c) The meeting of two straight lines, O4 and OB, 
at O. 

(d) The intersection of two curved lines, AB and 

D. 


The student should note the differentiation in the above 
between a straight line and a curved line. 


6. A Straight Line. 


It was stated in 83 that when two faces of the solid inter- 
Sected a straight line was formed. We were thus using 
the term “ straight line ” before defining it. No confusion 
or misunderstanding is caused thereby, because everybody 
knows what is meant by a c 
straight line, though no satis- 
factory definition of it has bee 


formulated. However, it is A B 
necessary to investigate further 

the term as it is used in geom- D 

etry. Fic. 4. 


Straight lines occur in very ; 
many other ways besides the intersection of two faces of a 
Solid. They were employed, for example, in the construc- 
tion of two of the geometric figures of Fig. 1. They enter 
into the constructions of the majority of geometric figures. 

There is a further way in which the formation of a line 
may be imagined. 

Suppose a point to move along the surface of the paper, 
orinspace. It will mark out a line, which may be straight, 
curved or irregular, according to the manner in which it is 
moving. A 

In Fig. 4 let A and B be two points on the surface of the 
paper. Imagine a point at A to move to the position B. 
There is an innumerable number of paths which it may take, 
such as those indicated by ACB and ADB. These vary 
in length, but we know intuitively that the most direct 
way will be along the straight line AB, which joins the 
points. Just as, if we wish to cross a field from one side 
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to the other, the nearest and quickest way, other things 
being equal, is along a straight path. N : “the 

Thus we arrive at a description of a straight line as “ th 
Shortest distance between two points." 

It will be noted that this idea of a line being formed as 
the path of a moving point is illustrated in drawing, when 
the point of the penal poe along the paper, either iHa 
a ruler or straight edge to produce a straight line, or guide 
by the compass to form a circle. 

It was stated in $5 
Consequently the straight line which marks the T of a 


moving point can have no width, though when drawing a 
representation of it on pai 


in order to make it visibl MET 
d in one way only—i.e., i 


length. Hence a line is said to be of one dimension only; 
It has length without breadth. 


Axioms about Straight Lines and Points. 
The following axioms, or self-evident truths, will now be 
clear to the student: 


(1) One straight line only can be drawn to pass through 
two points, 
(2) Two Straight lines c 
.(3) Two Straight lines ¢ 
wise, they must meet in 


an intersect in one point ae 
annot enclose a space. Ot 
more than one point. 

7. Surface. 


It was pointed out in 
considering—a solid... 
surrounding space by si 
for all solids; the s 
surfaces. 

As stated previously, * 


: ric 
À surface " is another geomet 
term which cannot be sat 


> isfactorily defined; but bapti 
student will understand the Meaning of it. You write e 
the surface of a sheet of Paper, you polish the surface G : 
table; you may observe the surface of the water ! 

tumbler. 
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Area of a Surface. If it is required to find the size or 
magnitude of a given surface, as for example the page you 
are reading, we must know both the length and breadth 
of it, since the size of it evidently depends on both of these. 
This will be found to be true of the surfaces covered by all 
regular geometricfigures; two measurements are necessary. 
Hence a surface is of two dimensions. Evidently thickness 
or depth does not enter into the conception of a surface. 
The amount of surface covered by afigure suchasa rectangle 
or circle is called its area. 


8. Plane Surfaces. 


Some surfaces are perfectly flat or level, such as the 
Surface of the paper on which this is rinted, or the top of 
a polished table, or the surface of still water. 

Such surfaces are called plane surfaces, or, more briefly, 
planes. No formal definition of a plane surface can be 
given, but the meaning of a flat or level surface is perfectly 
clear to everybody. 

Other surfaces may be curved, such as that of the sides 
of a jam jar, a billiard ball, etc., but for the present we are 
not concerned with these. 

Test of a Plane Surface. A plane surface could be tested 
as follows: 


, If any two points are taken on the surface, the straight 
line which joins them lies wholly in the surface. 

Acting on this principle, a carpenter tests a surface, such 
as that of a piece of wood, which he is “ planeing "' to produce 
a level surface for a table, etc. 

This is clearly not the case with curved surfaces. If, for 
example, you take a rubber ball and make two dots on its 
surface some distance apart, it is obvious that the straight 
line joining them would not lie on the surface of the ball. 
They can be joined by a curved line on the surface of the 
ball; but that will be discussed in a later chapter. 

We shall return to plane surface or planes later, but for 
the present we shall proceed to discuss figures which lie in 
a plane. Such figures are called plane figures. 


CHAPTER 2 
ANGLES 


9. When two Straight lines meet they are sald to form an 


angle 


Or we may say that they include an angle. y 
This is a statement of the manner in which an angle is 
formed; it is not a definition; and, indeed, no satisfactory 
definition is possible. It is in- 
B correct to say that the angle is 
the space between two intersect- 
inglines: we have seen that two 


o straight lines cannot enclose a 
^ space. 
Fic. 5. Arms of an Angle. The 


Straight lines which meet to 
form an angle are called the “ arms ” of the angle. 


Vertex. The point where the two arms meet is called 
the vertex. 


In Fig. 5 AOB Tepresents the angle formed by the meeting 
of the two a 0. 


e , arms OA and OB, and () is the vertex. 
It is evident that th 


on the lengths of the 
OA, OB in Fig. 5 are produce 
scale, whether the draw 


arms of the angle. When 
as to the angle referred to, the gane 
8. 5—is often used by itself to deno 
ngle; thus, we may speak of the angleO. . 

xi S frase “the angle 40B ” may be abbreviated to 


ZAOB or AOB. 
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10. Adjacent Angles. 


When a straight line meets two other straight lines, as 
AO meets CO and DO in Fig. 6, two angles are formed, 
with a common vertex O. These angles, AOD, AOC, are 
called adjacent angles. If CO be produced to B, then Zs 
COA, BOA are adjacent angles. So also are 2s AOD, BOD 
and the Zs COD, BOD. 

Definition. Angles which have a common vertex, one 


D 


A A 


B 
(0) c B 
Fic. 6. Fic. 7. 


common arm and are on opposite sides of the common arm, 
are called adjacent angles. ; 

When two lines intersect, as in Fig. 7, four pairs of 
adjacent angles are formed. 


Il. Vertically Opposite Angles. 

When two straight lines cut one another, as AB and 
CD, which intersect at O, in Fig. 7, the two angles AOD, 
BOC are called vertically oppo- 
site angles. The other two angles A 
which are formed—viz., AOC, D 
BOD—are also vertically oppo- 
site angles. Such angles have a 
common vertex. 

B 0 C 
I2. Right Angles. Fic. 8. 

When a straight line such as y : 

40 meets another straight line BOC (Fig. 8) then, if the 
adjacent angles are equal, each of these is called a right angle. 

AO is then said to be perpendicular to BC, and BC is 
perpendicular to AO. 
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13. Acute and Obtuse Angles. 


In Fig. 8 the straight line OD is drawn to meet E 
straight line BOC at O, thus forming the angles DOC an 
DOB with BC. It is evident that of these two angles: 

Z.DOC is less than a right angle. It is called an 
acute angle. 


Z.DOB is greater than a right angle, and is called an 
obtuse angle. 


Hence the definitions: 


An acute angle is less than a rig 


ht angle. 
An obtuse angle is greater than 


a right angle. 
14. Angles Formed by Rotation. 


There is another conception of the formation of an angle 


Fic. 9. 


which is of gre 

mathematics. | | 
Take a pair of compasses, and keeping one arm ae 
OA in Fig. 9, rotate the other arm, OB, slowly. As jon 

mi ing arm rotates it forms with the fixed arm a pis an 

voi which increase in magnitude, In dps 

o 


at importance in practical applications of 
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four of these angles, AOB,, AOB;, AOB, and AOB,. Con- 
sidering these angles, it is noted that: 


In (a) the angle AOB, is an acute angle; 

In (b) the angle AOB, is an obtuse angle, and 

In (c) the rotating arm is in the same straight line 
with the fixed arm OA. Although this seems to be 
inconsistent with the idea of an angle in $ 9, neverthe- 
less it is formed in the same way as the acute and 
obtuse angles, and so AOB, must be regarded as an 
angle, formed by rotation. This is sometimes called 
a straight angle, and it will be considered again later. 

(d) Continuing the rotation beyond the straight angle 
a position such as AOB, is reached. Such an angle, 
greater than a straight angle, is called a reflex angle. 
It must not be confused with the acute angle which 
is also formed with O4. Clearly the angle which is 
meant when we speak of ZAOB, depends on the 
direction of the rotation. This is indicated by an 
arrow on the dotted curve. It is therefore important 
to know the direction of the rotation before we can 
be sure which angle is referred to. 


I5. Clockwise and Anti-clockwise Rotation. 


The formation of angles by rotation may be illustrated 

by the familiar example of the hands of a clock. If the 
rotation of the minute hand be observed, starting from 
twelve o'clock, all the above angles, acute, obtuse, straight 
and reflex, will be formed in turn. For example, a straight 
angle has been formed with the original position at half- 
past twelve. 
. It will be noted, however, that the direction of the rotation 
is opposite to that indicated in Fig. 9. This movement Is 
[n left to right, whereas the minute hand moves right to 
eft. 

When the direction of the rotation is the same as that 
of the hands of a clock it is called clockwise, but when in 
the opposite direction, anti-clockwise. Thus if the angle 
AOB, (Fig. 9 (d)) is formed by clockwise rotation, it is an 
acute angle, if by anti-clockwise, reflex. 
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Mathematically, anti-clockwise rotation is conventionally 
regarded as a standard direction and considered to be 
positive, while clockwise rotation is considered as negative. 


16. Rotating Straight Lines. 


. We must now proceed to examine the idea of rotation 
in the abstract by imagining the rotation of a straight line. 

Suppose a straight line OA (Fig. 10) to start from a fixed 
position to rotate in the plane of the paper about a fixed 


Fic. 10. 


point O on the line, the rotation being in an anti-clockwise 
direction. 


When it has reached any position such as OB (Fig. 10 (a)), 
ai AOB has been formed by it with the rei position 


Thus we have the conception of an angle as being formed 
t by the rotation of a straight line 


about a fixed point on it, which 
8 becomes the vertex of the angle. 
zd As the rotation continues tO 
" A  &nother position such as OC (Fig. 
10 (b), an obtuse angle, AOC, 15 


formed. If the rotation is con- 
tinued, the positionQA 'is reacheó 


5 in which A, O, A’ are in the same 
straight line. E 
Fic. 11. A Complete Rotation. Com 


, ,nuing the rotation, as show? 

in Fig. 11, the straight line passes through a position uh 

QOD, and finally returns to OA, the position from M te 
A started. The straight line has thus made a comple 
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rotation or revolution about the fixed point O which is the 
centre of rotation. 

A Half Rotation. It is evident that when the position 
OA’ is reached the rotating line has moved through half a 
complete rotation. OA and OA’ are now in the same 
straight line. Hence the name straight angle (§ 14). 

Reflex or Re-entrant Angle. When the rotating line 
Teaches a position such as OB, shown in Fig. 12—that is, 
between a half and a complete rotation—the angle so 
formed is a reflex or re-entrant angle. The dotted curve 
and arrows indicate how the position has been reached 
(see § 14 (d)). 

Angles of Unlimited Size. The student will probably 


B 


ee A 
D 


B 


Fic. 12. Fic. 13. 


have noticed that the rotating line, after describing a 
complete rotation, may continue to rotate. In doing so 


17. Right Angles and Rotation. The conception of an 
angle as being formed by rotation leads to a convenient 
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rotation as indicated by the dotted curve. In the position 
OC, half a complete rotation has been made (§ 16). € 

Let OB be the position half-way between OA and OC. 
Then with equal amounts of rotation the two angles AOB, 
BOC will have been described. 


Hence the angles AOB, BOC must be equal and are 
therefore right angles (8 12). i 

Similarly, considering the position at OD, half-way in pe 
rotation from OC onward to OA, the angles COD an 


AOD must also be right angles, and BO and OD must be 
in the same straight line. 


Thus a complete rotation cov 
half rotation two right angles. 
OC equals two right angles. 3 

From the above the following axiom relating to right 
angles is self-evident. 


Axiom. All right angles are equal. 


ers four right angles and a 
Or the straight angle 40, 


18. Geometric Theorems. 


We have seen in the previous section that if a straight 
line, OA (Fig. 14), rotates through an angle, AOB, and 
then continues the rotation 
through the angle BOC 50 
that it is in a straight line 
with its initial position OA, it 
has completed a half rotation. 
Consequently the sum of the 
two angles must be two rig 
BGs ly angles (§ 17). The angles 
AOB, BOC are adjacent angles 
(§ 10)—t.e., they are the angles made when OB meets 4 : 
The conclusion reached may be stated more concisely 4 
ows: 
dr the straight line OB meets the straight line AC at A 
the sum of the angles so formed, AOB and BOC, is t 
i les. 
Nests statement of a geometric fact, and when expressed 


i neral terms 15 called a geometric theorem. In such 2 
ied it would be stated thus : 
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Theorem. |f one straight line meets another 
straight line, the sum of the two adjacent angles on 


one side of it is two right angles. 

In this particular case the student, after reading the last 
few sections, will probably be satisfied as to the truth of 
the theorem but in general, a theorem cannot be accepted 
as being true until it has been proved to be so by methods 
of geometric reasoning. 

The first step towards this is a clear and accurate state- 
ment of what has to be proved and what are the data from 
which we start. Thus in the above theorem the facts, 
which are given, are that one straight line (OB in Fig. 14) 
meets another straight line (AOC), and so forms two 
adjacent angles (BOA, BOC). 

What has then to be proved is that the sum of these 
angles is two right angles. 

There are thus two distinct parts of the theorem, and of 
all others. 

(1) What is given—i.e., the data, sometimes called 
the hypothesis—and 
(2) The proof. 

When the theorem has been stated in general form it is 
customary to draw a figure by means of which the two 
parts of the theorem can be clearly stated with special 
reference to this figure. By the use of this figure the proof 
of the theorem is developed. 


19. Converse Theorems. 


If the data and the proof are interchanged, we get a new 
theorem which is called the 
converse of the first theorem. B 
Applying this to the above 
theorem (1) it may be given 
that a straight line such as c 
BO in Fig. 15 meets two other 
straight lines such as CO and Fic. 19. 
AO, and that the sum of the . ^ 
adjacent angles so formed—viz., BOC, BOA—is two right 
angles. These are the data or hypothesis. 


A 
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(2) We then require to prove that CO and AO are in 
the same straight line, or, in other words, C, O and A are 
in the same straight line. 


This new theorem may be expressed in general terms as 
follows: 


Theorem. If at a point in a straight line two 
other straight lines, on opposite sides of it, make 
the two adjacent angles together equal to two 
right angles, these two straight lines are in the 
same straight line, 


The two theorems above are converse theorems. The 
hypothesis in the first theorem is what has to be proved 
in the second and vice versa. 

It is important to remember that the converse of a 
theorem is not always true. Examples wil occur in 
Part II. 

It was stated above that a theorem cannot be accepted 
as being true until it has been proved to be so by geometrical 
reasoning. This will be adhered to in the formal treatment 
of the subject in Part II of the book, but in Part I, for 
various reasons, the strict proof will not always be given, 
especially with such theorems as those above, which will 
probably be accepted by the student as self-evident or 
axiomatic. They arise naturally from the conception of 
angles, and especially right angles, as being formed by the 
rotation of a straight line, as in $16. 

If the student desires to see how the above theorems can 
be proved he should turn to the proofs of Theorems 1 and 2 
in Part II. 


20. Vertically Opposite Angles. 


There is an important theorem concerning vertically 
opposite angles, defined in 8 11, which may be stated thus: 


Theorem. When two straight lines intersect, 
the vertically opposite angles are equal. 


The theorem is illustrated by Fig. 16, in which two 
straight lines AB and CD intersect at O, forming as shown, 
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i i i i les. It will be 
l, t airs of vertically opposite angles. 
A ia du is proved to be true for one pair of angles 
only, say COB, AOD. x 
Tt is ibus required to prove that ee = CH 
Proof. In the Theorem of § 18 it was shown : 


j COB + LAOC = 2 right Zs. 
and (3 E uis A 40D + ZAOC = 2 right Zs. 


But things equal to the same thing are equal to one 


ps ZCOB + ZAOC = ZAOD + ZAOC. 


i i i to both, the 
Subtracting ZAOC, which is common 
remainders must be equal—i.e., Z COB = ZAOD. 


C 


D 
Fic. 16. 


Similarly, the other pair of vertically opposite angles, 
AOC and BOD, may be proved equal. 


t i from 
The student is advised to write out this proof 
memory as an exercise. 


Proof by Rotation. met 

The equality of the angles is also evident by using the 
method of rotation. um 

Suppose the straight line AOB to rotate about O in 


anti-clockwise direction to the position CD. 


mount of 
Then each arm must move through the same a 
rotation. 


ZCOB = ZAOD. 


CHAPTER 3 


MEASUREMENT OF ANGLES 
21. The Circle. 


In Fig. 1, one of the geometric figures depicted is the 
familiar one known as a circle. It is a closed figure, 
bounded by one continuous curve, Mechanically it is 
Constructed by using a pair of compasses, and the method, 
though well known, is recapitulated here. The arms 
having been opened out to a suitable distance represented 

by 0A, Fig. 17, the arm with the 

B sharp point is fixed at O and that 

with the pencil is rotated with its 

point moving along the surface of 

the paper. The point of the pencil 

C A then marks out the curve ABCD, 
and when a complete rotation has 
been made the curve is closed at A. 

This curve, the path of the 
moving point of the pencil, is called 
the circumference of the circle. 


" The point O is called the centre 
of the circle, and the distances of all points on the circum- 


ference from O are equal. This distance, OA, is called the 
radius (plural radii). 


A circle may now be defi 
Definition. A circle js a plane 


nts on the circum erence to a fixed point 
within the curve, called the cenire, y A 


The circle may also be conceiv. 
in a plane by the rotation of a 
point, O, at one end of the line. 

Note.—The term “circle ” is Sometim 
part—i.e., the circumference— wh 

36 


ed as the area marked out 
Straight line, OA, about a 


d 
es applied to the curve: 
en there vigens doubt what 15 
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i it i figure. Thus 
meant, but, strictly, it is the name for the whole fig 
the area of a d do oe suggested above, is the area of that part of 
the plane which is enclosed by the circumference. 


Arc of a Circle. 


J T hus in Fig. 17 
A part of the circumference is called an arc. Th 
the part of the circumference between the points B and C 
is an arc. 


(Other definitions connected with the circle are given in 
Chapter 16.) 


Concentric Circles. 


Circles which have the same centre but different radii are 
called concentric. 


Cant p» 


Fic. 18. Fic. 19. 


In Fig. 18, with centre O, and different radii, i OB, 
C, three circles are described. These are concentric. 


22. Measurement of Angles. 


The conception of the formation of angles by the d ar 
of a straight line (§ 16) leads to a convenient me 
measuring them. i 

hen E straight line, OA, rotates about x na s 
Fig. 19, any point, B, on it will always be ^b a circle 
distance from O, and consequently will describe Fie. 19. 
concentric with that described by OA, as shown oi t É has 

en an angle such as BOC is described, the poin 
marked out an arc of a circle, BC. 
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The length of the arc clearly depends on the amount of 
rotation, as also does the size of the angle. The same 
amount of rotation as before will produce the angle COD 
equal to the angle BOC 


* Then the arc CD must clearly be equal to the arc BC. 
Thus, the angle BOD bei 


BD will be twice the arc BC 
We may conclude, therefore, that the length of the arc 


will depend on the size of the angle. If the angle be 


doubled, the arc is doubled; if the angle be halved, the 
arc is halved. 


Suppose the circumference of the c 
rotation has taken 


parts. Then each arc is sooth of th 


s f measurement for angles 
and is called a degree. It js denoted by 1°. 15 degrees— 


i.e., 35th of a complete rotation—would be denoted by 
15°, and so on. 


It was seen in $17 that a rj 


in $1 ght angle is one-fourth of a 
complete rotation, t.e., of 360°. 


<. a right angle = 90°, 


A straight angle, corresponding to half a rotation, 
contains 180°, 


Fig. 20 shows a circle, centr 
ference is divided into 360 e 


made with OA can be constructed by 


Y Joining the appropriate 
point to 0. i 
For example, ZAOE is an angle of 45°, and ZAOF is 
120°. 


The ZAOC, the straight angle, represents 180°. 


straight line BOD is perpendicular to AOC, and thus 
Bas of 90° and 270° are formed, 


* For a proof of this see Part II, Theorem 46. 
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For angles smaller than one degree the following sub- 
divisions are used: 


(1) Each degree is divided into 60 equal parts, called 
minutes, denoted by ’; thus 28’ means 28 minutes. 

(2) Each minute is divided into 60 equal parts, called 
seconds, denoted by ~. For example, 30’’ means 30 
seconds, 


Example.—An angle denoted by 37° 15’ 27” means 37 
degrees, 15 minutes, 27 seconds. 
This subdivision of the degree is very important in marine 


B 
F 90 
20, 


Fic. 20. 


and air navigation, surveying, gunnery, etc., where very 
reat accuracy is essential. "P 
It will be observed that the circle in Fig. 20 is divided 
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by BD and AC into four equal sectors called quadrants. 
These are numbered the Ist, 2nd, 3rd and 4th quadrants, 


respectively, AOB being the lst quadrant, BOC the 2nd 
quadrant, etc. 


23. Protractors. 


An instrument for measuring or constructing angles is 
called a protractor, It may be semi-circular or rect- 
angular in shape. The ordinary semi-circular protractor 
is much the same as half of the circle shown in Fig. 21. 


Fic. 21, 


A circular protractor, 


these are visible. To measure the 
OB and OD the protractor is 


BOD. In Fig. 21 this angle is 40° A suitable modification 
enables us to construct an angle of a Sivan dira, Aha One 
arm of the angle is fixed. 

The purpose of the two sets of numbers is to make it easy 
to read the angle from either end A or B. (See the next 
paragraph.) 
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24. Supplementary and Complementary Angles. 


(1) Supplementary angles. 


When the sum of two angles is equal to two right angles, 
each of the angles is called the supplement of the other. 

In Fig. 22 ZBOA is the supplement of ZBOC, 
and ZBOC ZBOA. 


» » 


Example. The supplement of 30° is 180° — 30° = 150°. 
Also 150° is 180° — 150° = 30°. 


(See scales on protractor, Fig. 21). 


A 


” 


A o E 


Fic. 22. Fic. 23. 


The Theorem of $ 18 could therefore be written as 
follows: 


If a straight line meets another straight line, the adjacent 
angles are supplementary. 


(2) Complementary angles. 


When the sum of two angles is a right angle each of the 
angles ts the complement of the other. 

In Fig. 23 ZBOC is the complement of ZAOB, 
and ZAOB » ZBOC. 


Example. The complement of 30° is 90° — 30° = 60°, 
ana 60° is 90° — 60° = 30°. 


» 


» » 


25. A Practical Problem. 


The foregoing work enables us to perform a useful piece 
of practical work, the first of our constructions. 
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Construction |. 
To construct an angle equal to a given angle. 


Let ZAOB, Fig. 24, be the angle which we require to 
copy. We are not concerned with the number of degrees 
in the angle, and a protractor is not necessary. 


Method of Construction. 


Take a straight line, PQ, which is to be one of the arms of 
the required angle. 


With O as centre and any suitable radius, draw an arc of 
a circle, AB. 


c 
A E 


0 5 P "eis 
Fic. 94. 


With P as centre and the same radius OB, draw another 
arc, CD. 


With D as centre and radi 
secting the arc CD in E. 

Join EP. : 

Then ZEPD is the angle required. 

The two circles of which AB and ED are arcs have the 
same radii. Since DE was made equal to AB, it is evident 
that the arc ED is equal to the arc AB. 

,. from previous conclusions the angles at the centre 
AOB and EPD may reasonably be concluded as equal. 1 
<. the angle EPD has been constructed equal to the ang 

AOB. 


us BA, draw another arc inter- 
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Exercise | 


l. Using a protractor, measure the angles marked with 
a cross in Fig. 25, check by find- 
ing their sum. What kind of 


R p angles are the following? 
B — A (1) BOR, (2) A0Q, (3) ROQ, 
o (4) POR, (5) POB, (6) ROA 
Fic. 25. and ROB. 


7 State in degrees and also as fractions of a right angle: 
a) the complement, and (b) the supplement, of one-fifth 
of a right angke. í 0 pE j 


3. (a) Write down the complements of 374°, 45° 15’, 72? 40". 
(b) Write down the supplements of 112°, 154° 30’, 


21° 15’. 
B D, 
ee 
[9] B [6] A 
Fic. 26. Fic. 27. 


4. In Fig. 26 if the ZAOD = 25° and ZBOC = 31° 
ind E CoD. What is its supplement ? 
ib n Fig. 27 ZAOB is a right angle and OC and OD are 
ds Wo straight linesintersecting AO andOBatO. Namethe 
H i which are complementary to AOC, AOD, COB, DOB. 
eia Fig. 28, ZAOB is an acute angle and OP, OQ are 
us perpendicular to OA and OB, respectively. What 
Eid n could you give to justify the 
atement that ZAOB = ZPOQ? Q\ P 
NN D ithout using a protractor, con- 
S et angles equal to A and B in Fig. B 
ii fterwards check by measuring 
F angles with a protractor. 
BI Draw a straight line, PQ. At o 
E n one side of it, construct an Fic. 28. 
Sle of 72°, On the other side con- 
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struct an angle of 28°. Check by measuring the angle 
which is the sum of these, 


9. Without using a protractor, construct an angle which 
is twice the angle B in Fig. 29, and another angle which is 
three times the angle A. 

10. Through what angles does the minute hand of a clock 
pote between 12 o'clock and (1) 12.20, (2) 12.45, (3) 
2 o'clock ? 


ll. Through what angles does the hour hand of a clock 


(A) (B) 
Fic. 99. 


rotate between (1) 12 o'cloc 


k and 2 o'clock, (2) 12 o'clock 
and 6 o'clock, (3) 19 


o'clock and 10 minutes to one? 


CHAPTER 4 
SIMPLE GEOMETRY OF PLANES 


26. Rotation of a Plane. MEL: 

Every time that you turn over a page of this book yo l 
are rotating a lade surface, or, more briefly, a qe 
this may be observed more closely by rotating the fron 
Page of the cover. It will be noticed that the rotation 
takes place about the straight line which is the intersection 
of the rotating plane and the plane of the first page. Pe 
pointed out in $3 that the intersection of two plane surfac 
1s a straight line. 


27. Angle between Two Planes. 


Take a piece of fairly stout paper and fold it in two. 
Let AB, Fig. 30, be the inc of the fold. Draw this straight 
line. Let BCDA, BEF A 
represent the two parts 
of the paper. 

Thesecan be regarded 
as two separate planes. 
Starting with the two 
parts folded together, 
keeping one part fixed, 
the other part can be 
Totated about AB into 
the position indicated 
by gig In this pro- 
Cess the plane ABEF i 
has moved through an angle relative to the fixed plane, Ns 
is analogous to that of the rotation of a line as b itel 

16. We must now consider how this angle can be defin M 
fixed and measured. Flattening out the whole b ad day 
take any point P on the line of the up : in, PR will 

Q at right angles to AB. If you fold again, 
45 


Fic. 30. 
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coincide with PQ. Now rotate again, and the line PR will 
mark out an angle RPQ relative to PQ. The angle RPO is 
thus the angle which measures the amount of rotation, and 
is called the angle between the planes. 

Definition. The angle between two planes is the angle 
between two straight lines which are drawn, one in each plane, 
at right angles to the line of intersection of the plane and from 
the same point on it. 


When this angle becomes a right angle the planes are 
perpendicular to one another. 

Numerous examples of planes which are perpendicular 
to each other may be observed. The walls of the room are 
perpendicular to the floor and ceiling; the surfaces of the 
cover of a match-box, as shown in Fig. 2, are perpendicular 
to each other, when they intersect. 

The angle between two planes can be measured, in many 
cases, by means of a protractor. If, for example, it is 
required to measure the angle between the two planes in 
Fig. 30, this can_be done by measuring the angle DAF, 
provided that AF and AD are perpendicular to the axis 
AB. The protractor is placed so that the point O, Fig. 21, 
is at A and the line AD coincides with OB in the protractor. 


The position of AF on the scale of the protractor can be 
read off. 


28. Vertical and Horizontal Plane Surfaces. 


A Vertical Straight Line. If a small weight be attached 
to a fine thread and allowed to hang freely, its direction 
will always be downwards towards the earth. Regarding 
the fine thread as a line, we have what is called a vertical 
straight line. This is very important in many practica 
ways—é.g., in engineering and building. A builder obtains 
a vertical straight line as in the above experiment by 
attaching a piece of lead to a fine string. This is called a 

line. 2 
bs Menta Surface. A plane surface which contains 
r more vertical straight lines is a vertical uu 
cde mple, the surfaces of walls of a house are vertical. 
wa Sail Surface. Take a glass containing water Ta 
eon in it a weight held by a thread (Fig. 31). Le 
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couple of matches float on the surface, so that ends of 
the matches touch the string. It will be observed that the 
string is always at right angles to the 
matches. In other words, the string is 
always perpendicular to any straight lines 
which it intersects on the surface. Under 
these conditions the thread is said to be 
perpendicular to the surface. 
A surface which is thus at right angles to 
à vertical line or surface iscalled a horizontal 
Surface. Or it may bestated thus: a hori- 
zontal surface is always perpendicular to 
vertical lines or surfaces which intersect it. 
29. A Straight Line Perpendicular toa Plane. TRO 
The experiment above leads to a general consideration of 
the conditions under which a straight line is perpendicular 
to a plane. 
Take a piece of cardboard, AB (Fig. 32), and on it draw a 


Fic. 32. 


number of straight lines intersecting at a piont, O. At O 
Th à pin, OP, so that it is perpendicular to one of these lines. 
i hen OP will be perpendicular to the other lines and is said 
© be perpendicular to the plane AB. ; 
efinition. A straight line is said to be perpendicular to a 
Plane when it is perpendicular to any straight line which it 
meets in the plane, 
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The distance of the point P from the plane AB is given 
by the length of the perpendicular, OP, drawn from it to 
the plane. 


30. Angle between a Straight Line and a Plane which it 
Meets. 


Take a set square, OPQ, and stand it ona piece of smooth 
paper or cardboard, AB, so that one of the edges, OQ, con- 


Fic. 33. 


taining the right angle, lies along the plane and the plane 
of the set square is perpendicular to the plane AB. 

Thus PQ is perpendicular to the plane. 

Regarding the edges as straight lines, OP meets the plane 
in O, PQ is perpendicular to the plane and OQ joins O to 
the foot of this perpendicular, 


The angle thus formed, POQ, is the angle which the 
straight line OP makes with the plane. 


It will be noted that if from any point R on OP a straight 
line, RS, is drawn perpendicular to the plane, S will lie on 
OQ. Thus the straight line OQ contains all the points In 
which perpendiculars from points on OP meet the plane. 


OQ is called the projection of OP on the plane AB. 


a gle between a styaicht line and a plane 
ion. The angle bet à straight line an 
, Sain s between the straight line and HS projection on the 
1S 


g 4-7 the projection of q straight line OP on 4 
on. j 
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plane which it meets at O, is the straight line intercepted on the 
plane between O and the foot of the perpendicular drawn from 
P to the plane. 


. This may be extended to the case in which the straight 
line does not meet the plane. Thus in Fig. 33, QS is the 
Projection of PR on the plane AB. 


CHAPTER 5 


DIRECTION 
3l. Meaning of Direction. 


The term “ direction ” is a difficult one to define, but its 
meaning is generally understood, and the definition will 
not be attempted here. It is, however, often used vaguely, 
as when we speak of walking “ in the direction of London ”. 
We are more precise when we speak of the direction of the 
wind as being, say, “ north-west ’’, though this may some- 
times be only roughly correct. To find exact direction 
is so important in navigation, both at sea and in the air, as 
well as in many other ways, that it is desirable to have precise 
ideas of what is understood by “ direction ” and how it is 


0 


Fic. 34. 


determined and expressed. We will begin with a simple 
everyday example. 

In Fig. 34, PQ represents a straight road along which a 
man walks from P towards Q. O represents the positos 
of a church tower lying at some distance from the roa í 
At various points along the road, A, D, C, D, E, the straight 
lines AO, BO, 0, DO, EO represent the direction of O E 
these points. This direction can be described more accurately 
ee ed the angle which the line of direction makes wit 
es The angles, Of course, change as the man walks 


: the diagram, in which the angles 
is evident from the diagram, in whicl : ODE 
along, jeden measured in an anti-clockwise direction 
are CO 
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from the road. These angles can be obtained by b: Eu in 

a surveying instrument known as a theodolite. Ey e 

example, the angle made by BO with the road is eee 

we can say that at B the direction of O makes an ang 

45° with the direction of the road. i 
It must be emphasised that this statement as the 

direction of O gives the information only relative o 

direction of the road, and this may not be known.. in 

quently for practical purposes the statement is not p 

and does not state an absolution direction. 


32. Standard Direction. 


All directions are relative—t.e., they are related to some 
other direction, as in the case of the road above. {age a 
it is necessary for practical purposes—e.g., navigation, 
there should be some 
selected fixed direction to N 
which other directions can 
be related. Such a direction NW NE 
is called a standard direc- 
tion. This is provided by 
the familiar and universally E 
adopted system of North, w 
South, East and West 
directions. 

The North direction is 
fixed by the position of the sw SE 
North Pole, which is an M 
imaginary point at the end 
* the Earth's axis (see Fic. 35. 

189 and Fig. 182). The d 
South is the Tru. direction from the North. East an 
West directions are at right angles to these. dist vali 

These four directions are termed the "n ^ is cher 
They are indicated in Fig. 35 and all others betw ed 
are related to these. Thus a direction hal S ah each, 
N. and E., and thus making angles of 45 posts in 
is called North-east, and so for others as $ 
Fig. 35. 
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33. The Magnetic Compass. 


The North direction can always be determined by the 
use of the Magnetic compass or Mariners’ compass. This 
instrument has a magnetised needle which is free to move 
in a horizontal plane: the needle always sets, not towards 
the true North, but in the direction of what is called the 
Magnetic North. The amount of the angle of deflection 
from the true North is known at various positions on the 


Earth's surface, and with this correction the true North 
can readily be found. 


34. Points of the Compass. 


Fig. 36 illustrates 


T part of the compass card or dial of a 
mariners' compass. 


Two diameters at right angles to one 


Fic. 36. 


another, and representing North-South and East- Wer 
divide the circle into four quadrants. Each of the qua : thé 
is further subdivided into eight equal divisions. Tu e 
whole circle has thirty-two divisions each of which Pite 
sents a definite direction. The names employed to in 
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these directions are shown for the first quadrant ; those in 
other quadrants are similarly divided and described. The 
arc of each of these thirty-two divisions subtends an angle 
at the centre which must be ($22)? or 11}°. . 

Directions between these are indicated by stating the 
number of degrees, from one of the 32 fixed directions, 
thus: 

6? East of North indicates a point between N. and N. by 
E., and 6? from the North. 


35. Bearing. 


When the direction of one object, B, with respect to another 
object A is defined by reference to a standard direction, the 
angle giving this direction is called the bearing of B from A. 


Thus, in Fig. 37, if A and B represent two ships, and the 
angle BAN gives the direction of B from 
the North, then: 


The angle BAN is called the bearing 
of B with respect to A. 


, Ifthe angle BAN is 40°, then the bear- 
ing of B from A is 40° East of North. 


Bearings are measured in a clockwise A 
direction from the North. Fic. 37. 


36. Angle of Elevation. 


In the consideration of direction we have so far Dem 
concerned only with direction on the horizontal p € 
But if an object such as an aeroplane is above the surface 
of the Earth, in order to find its true direction its position 
above the horizontal plane must be taken into dux rm 

If, for example, a gun is to be pointed at an aerop eus dn 
must not only know the horizontal bearing of the aerop Ces 

ut we must also know the angle through which uis led 
i to elevate the gun to point to it. This angle is ca 

e angle of elevation of the aeroplane. 

In [M 38, if A represents the position of the mes qe 
and O the position of the gun, then the latter m h the 
rotated from the horizontal in a vertical plane through 
angle AOB to point to the aeroplane. 
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The angle AOB is called the angle of elevation of the 
aeroplane. 
The determination of the actual height of the aeroplane 
when the angle of elevation and 
A the range are known, is a problem 
which requires Trigonometry for 
its solution. 
[S 


o B 37. The Altitude of the Sun. 


Fic. 38. . The angle of elevation of the sun 
A , ts called its altitude. The deter- 
mination of the altitude of the sun is of great importance 


in marine navigation. The instrument which is used for 
the purpose is called a sextant, 


Exercise 2 

1. In a mariners’ compass how many degrees are there 
between the E.N.E. and N.N.E. directions? 

2. How many degrees are there between S.S.E. and 
W.S.W.? " 

3. What direction is exactly opposi . by S.? (i.e. 
180? between the two directions)" site to E. by ( 

4. What direction is exactly opposite to E.N.E.? 

5. If the bearing of an object is E.S.E., how many degrees 
is this? 

6. A ship sailing N.N.E, Changes its course by turning 
through an angle of 674°. What is then the direction of 
its course? — ; 

7. If the direction of an aeroplane makes an angle © 
57° 20' with the horizontal plane, what angle does it make 
with the vertical plane? i 

8. Two straight lines, AB and AD Vein the sante vertica 
plane. AB makes an angle of 25° with the horizontal, orn 
AD makes 32° with the vertical. What is the angle bet we 
AB and AD? 


CHAPTER 6 


TRIANGLES 

38. Rectilineal Figures. 
_ A part of a plane surface which is enclosed or bounded by 
lines is called a plane figure. i 

If the boundary lines are all straight lines, the figure is 
called a rectilineal figure. 

The least number of straight lines which can thus enclose 
a space is three. It was stated in axiom 3, $6, that two 
Straight lines cannot enclose a space. 

When three straight lines intersect, the part of the plane 


A 


HE = am (b) 


Fic. 39. 
enclosed is a triangle, as Fig. 39 (a). Three angles are 


formed by the intersection of the straight lines; hence the 
name, 


When four straight lines intersect in the same plane, the 
figure formed is a quadrilateral (Fig. 39 (5). — 

Perimeter. The sum of the lengths of the sides of a 
rectilineal figure is called its perimeter. Thus, for the 
triangle in Fig. 39 (a). 

Perimeter = AB + BC + CA. ; 

Area. The amount of the surface enclosed by the sides 

of a rectilineal figure is called its area. 


39. The Triangle. 


Vertex. Each of the angular points of a triangle, as A, 
BandC in Fig. 39 (a), is called a vertex (plural vertices). 
55 
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Base. When anyone of the three angular points of a 
triangle is regarded as a vertex, the side opposite to it is 
called a base, or, more accurately, the corresponding base. 


In Fig. 39 (a) if A be regarded as a vertex, then BC is 
the corresponding base. 


40. Exterior Angles. 


If a side of a triangle be produced, the angle so formed 
with the adjacent side is called an exterior angle. 


In Fig. 40 the side BC is pro- 
duced to D, thus forming with 
the adjacent side, AC, the angle 
ACD. This is an exterior angle. 
Similarly, each of the sides can be 
produced in two directions, thus 
Fic. 40. forming other exterior angles. 


There are six in all. 
Note.—The student should draw a triangle and construct all the 
exterior angles. 


When BC is produced to D, as above, we may speak of 
Z ACD as the corresponding exterior angle. 

With other rectilineal figures—e.g., quadrilaterals— 
exterior angles may similarly be constructed, 


4l. Kinds of Triangles. 


Triangles may be classified: (1) according to their angles, 
and (2) according to their sides, 


(1) Triangles classified according to angles. 


A triangle having one of its angles 
"fe obtuse is called an Sinne niei triangle 
(Fig. 41 (a)). 


When one of the angles is a right 
(b) angle, the triangle is a right-angled tri- 
angle (Fig. 41 (b). 5 
The side opposite to the right angle 
Fic. 41. called the hypotenuse. 
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A triangle with all its angles acute is 
called an acute-angled triangle (Fig. 41 (c)). 
Fic. 41 (c). 
(2) Triangles classified according to sides. 
(a) A triangle with two equal sides is 
called isosceles, as in Fig. 42 (a). The (a) 
angular point between the equal sides is 


called the vertex and the side opposite to 
it the base. 


(b) When all the sides of the triangle are (b) 
2 0j the triangle is equilateral, as Fig. 


(c) When all the sides are unequal, the (c) 
triangle is called a scalene triangle (Fig. 
42 (c). 
Fic. 42. 
42. Altitude of a Triangle. 
In triangle ABC (Fig. 43 (a)), let A be regarded as a 
vertex and BC as the corresponding base. 


A A 
AS ZL. 
E 
B ps ee a RB C 
(a) (b) (c 


Fic. 43. 


From A draw AD perpendicular to BC. 
AD is called an altitude (or height) of the triangle when 
is the vertex. 


If the triangle is obtuse angled, the perpendicular drawn 
from 4, as in Fig. 43 (b), falls outside the triangle, and 


the base BC must be produced to meet it. 
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If from the other vertices B andC (Fig. 43 (c)) perpendicu- 
lars are drawn to corresponding opposite sides, these may 
also be regarded as altitudes, Consequently when speaking 
of “ the altitude of a triangle ” it must be understood that 
it refers to a particular vertex and the corresponding base. 
In Fig. 43 (c) three altitudes of the AABC have been 
drawn. It will be proved later, and it may be verificd 
by drawing, that they meet in a point. They are said to 
be concurrent (Part II, Theorem 55). 

43. Medians of a Triangle. 


A straight line which joins a vertex to the middle point 
of the opposite side is called a median. As there are three 
vertices, there are three medians, In Fig. 44, AD, BF 


A 


a 


Fic. 44. Fic. 45. 


and CE are medians. These medians can also be shown 
to be concurrent, as in Fig, 44 (Part II, Theorem 54). 


44. A Useful Notation for the Sides of a Triangle. 


If A, B, C are the vertices of a triangle ABC (Fig. 45), it 
is found convenient to represent the sides Opposite to them 
by the same letters but not capitals, 

Thus the side opposite to A—i.e., BC. js represented by 
a, that opposite to B--1.e., AC by b—and that opposite i 
C by c. This notation makes easier the identification © 
corresponding sides and angles. 


Congruent triangles 


45. Construction of Triangles from Fixed Data. di 
2 i ; jac in 
thod of constructing a triangle varies accorc n8 

Me porn which are known about the sides and angles 
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We shall proceed to discover what is the minimum know- 

ledge about the sides and angles which is necessary to 

construct a particular triangle. It will be found that if any 

one of three different sets of equal angles or sides is known 

me triangle can be constructed. These sets are A, B and C 
elow. 


A. Given the lengths of two sides and the size of 
the angle between them. 


Example. Construct the triangle in which the lengths of 
p sides are 4 cm and 3 cm, and the angle between them 1s 


I.e., Given, two sides and the angle between them. 


Note.—The student should himself take a piece of smooth paper 
and Carry out, step by step, the method of construction given below. 


Construction. 
(1) Draw the straight line AB, 4 cm long (Fig. 46). 
(2) At A, with a protractor, draw a line making an 
angle of 40° with AB. 
(3) From this line cut off AC 3 cm long. 
Thus the points B and C are fixed points, and they must 
€ vertices of the required triangle. Join BC. This must 
be the third side of the triangle, and ABC must be the 
triangle required. 
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Since only one straight line can be drawn through the 
two points B and C (axiom 1, § 6), the triangle can be 
o red in one way only, and is therefore drawn as in 

ig. 46. 

Thus, BC and the angles ACB and ABC are fixed, and 
there can be only one triangle which has the sides and 
angle of the given dimensions. 

The student should cut out the A he has constructed 
and place it over that in Fig. 46. If the reasoning has 
been correct and the drawing accurate, the two As should 
exactly coincide. 

It is evident that if all the students who read this book 
were to construct As with sides and angle as above, all the 
As would be of exactly the same size and shape—t.e., they 
will coincide and their areas must be the same. 

Triangles which are equal in every respect and coincide 
in this way are said to be congruent. 


Definition. Triangles which are equal in all respects are 
called congruent triangles. 
Conclusion. Triangles which have two sides equal, and 


the angles contained by these sides equal, are congruent—1.e., 
they are equal in all respects. 


B. Given the lengths of all three sides. 


Example. Construct the triangle whose sides are 5 cm, 
4 cm, and 3 cm in length, 


Construction. 


(1) Draw a straight line AB, 5 cm long (Fig. 47). , 

(2) With centre B and radius 3 cm draw an arc © 
a circle. 

(3) With centre A and radius 4 cm draw an arc of @ 
circle. 


o arcs cut at C. 
p. 4 cm from A and 3 cm from B. nU 
joining AC and CB the AABC so formed fulfils 


iven conditions. 


Clearly there can be one triangle only, and all As con- 
ea 
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Structed as above must be i i 
identically equal. .'. they must 
be congruent, As before the student should AE LA a 
ngle step by step, and test his A by the one in Fig. 47. 
Note.—If the complete circles be drawn above, with 4 and B as 


e they will cut at a second point on the other side of AB. 
so obtained is clearly identical with AACB. (See Fig. 116.) 


C. Given two angles of the triangle and one side. 


Example. Construct a triangle having one side 4 cm long 
and two angles 30° and 45°. 
Construction. 
(1) Draw a straight line AB, 4 cm long (Fig. 48). 
(2) At A draw AX making 45° with AB. 
(3 AtB , BY » 30° , AB. 
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The two straight lines AX and BY will cut at one point 
only, C. " 

Thus ACB is a triangle which fulfils the conditions and 
is the only one possible. 


.’, all other such As drawn in the same way with the same 
data will be congruent. 


46. Conditions which Determine that Triangles are Con- 
gruent. 


There are six essential parts, or elements, of every 
triangle—viz., three angles and three sides. As has been 
shown above, if certain of these are equal in two or more 
As, the As are congruent. Summarising the cases A, B 


and C above, it appears that the As are congruent if the 
following elements are equal 


A. Two sides and included angle, e.g., b, c, A (§ 44): 
B. Three sides, i», a, b, c. 


C. Two angles and one side, ego A, B, c. 
It should be noted that if two 
given may be any one of the thr 


angles are equal, the side 
ee sides of the triangle. 


47. Triangles which are not Congruent. 


(1) Triangles which have all their angles equal, are not 
congruent, unless they also have at least one side equal. 
(2) The ambiguous case in which the triangles may 
or may not be congruent, 
The following example will illustrate the problem. 


Example. Construct a triangle with two of its sides 4 cm 
and 2:4 cm in length and the angle opposite to the smaller 
side 30°. 


Construction. 


(1) Draw a straight line AD of indefinite length (Fig: 
49). ; 

i Ata point A draw a straight line making an 
angle of 30° with AD. 

(3) From this line cut off AC 4 cm long: ME 

(4) With C as centre and radius 2-4 cm draw an 
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of a circle which will cut AD. This it will do in two 
points, B and B’. 
(5) Join CB and CB’. 

Thus two triangles are constructed ACB and ACB’ each 
of which satisfies the given conditions. 

Thus the solution is not unique as in cases A, B, C above 
—i.e., thereisnot one triangle, satisfying the given conditions, 
which may be drawn as in previous cases. There can be 
two triangles. 

Hence this is called the ambiguous case. 


[s 


There are, however, two cases in which there is no 
ambiguity. Using the notation of $44, in Fig. 49 it will 
be seen that we had given above A, a, b—i.e., two sides 
and an angle opposite to one of them. 

From C (Fig. 49) draw CP perpendicular to AD. 

Let CP — hi 


(1) If a — h there is one solution and one only—viz., 
AACP. There is thus no ambiguity. The triangle is 
right angled. h 

Ea gm b there will be one solution, and the 


triangle will be isosceles, the other side, equal to CA 


meeting AB produced. . ] À 
(3) If a > b there will be one solution as is obvious. 


It will be seen therefore that for ambiguity a must be 
less than b and greater than h. 
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Summarising. 


If the given elements are A, a, b, ambiguity will arise if 
a, i.e., the side opposite to the given angle is less than b, 
unless a is equal to the perpendicular drawn from C to the 
side c. 


48. Corresponding Sides and Angles of Congruent 
Triangles. 


When triangles are congruent it is important to specify 
accurately which sides and angles are equal. 
Let the As ABC, DEF (Fig. 50) be congruent triangles. 


Fic. 50. 


If AB and DE are sides which are known to be equal, 
then the angles which are Opposite to them are calle 
corresponding angles and are equal. 

Summarising: 


If AB = DE, ZACB = ZDFE 
BC = EF, LBAC = ZEDF 
CA — FD, ZABC = ZDEF, 


Similarly when angles are known to be equal, the opposite 
sides are corresponding sides and are equal. 


49. Theorems concerning Congruent Triangles. 


ditions that tri be con- 
The three sets of con 1 at triangles may be 

ruent, which were deduced in § 45, may be set out in the 
finnt of Geometric Theorems as follows: 
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Theorem A. Two triangles are congruent if 
two sides and the included angle of one triangle 
are respectively equal to two sides and the included 
angle of the other. 


Theorem B. Two triangles are congruent if the 
three sides of one triangle are respectively equal 
to the three sides of the other. 


Theorem C. Two triangles are congruent if 
two angles and a side of one triangle are respectively 
equal to two angles and a side of the other. 


It will be noted that the theorems above have been 
enunciated, or stated, with respect to two triangles, 
because it is in this form that the theorem is usually applied, 
but they are true, of course, for all triangles which satisfy 
the given conditions. 


Exercise 3 


1. Construct a triangle in which two of the sides are 6 cm 
and 8 cm and the angle between them 35°. Find by 
measurement the third side and the other angles. 

2. Construct a triangle of which the three sides are 10 
cm, 11 cm and 12 cm. Measure the angles and find their 
sum. 

3. Construct a triangle in which two of the angles are 
40? and 50? and the length of the side adjacent to them 
both is 6 cm. Measure the third angle and the lengths of 
the other two sides. 

4. The angles and sides of a triangle are as follows. 


A = 88°, B = 40°, C = 52°. 
a = 6:15 cm, b = 3:95 cm, c = 4-85 cm 


Construct the triangle in three different ways by selecting 
appropriate data. Cut out the triangles and compare 
them. 
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5. Construct by three different methods triangles con- 
gruent with that in Fig. 51. Cut them out and test by 
superimposing them on one another. 


Fic. 51. 


6. zn the As ABC, DEF certain angles and sides are 

one cri Dom Determine whether or not they 

ongruent. they are congruent i the 
conditions A, B, C of $49 is reg eee 


M Z4 — 2D, b— ec f. 


(4) LB = ZE, 4A- B 
(6) ZD-7E ZA= ZC% 
7. In a AABC, ZB = 25° c= 87 
" , , €=87 cm, b — 7-6 cm. 
f e the triangle and show that there are two 
8. Two straight lines AB, CD bisect i 
point of intersection O. What Mera. peris ae ee 
saying that CB = AD? VM 
9. The straight lines AB and CD bi 
; sect each other 
perpendicularly atO. What reasons can you Rive fof stating 


opposite sides of the common side 4B i ttin 
AB at 0. Using Theorem A show that Q aon p cutting 


CHAPTER 7 
PARALLEL STRAIGHT LINES 


50. Meaning of Parallel. 


If the ruled printed lines on an exercise book are 
examined, two facts will be evident. 


(1) The distance between any pair of lines is always 
the same. 

(2) If the lines could be produced through any 
distance beyond the page of the book, you would be 
confident that they would never meet. 


Such straight lines drawn in a plane are called parallel 
straight lines. 


Railway lines provide another example of parallel 
straight lines. We know that they must be always the 
same distance apart, and no matter how far they extend 
they will never meet. If they did it would be a bad 
business for a train travelling over them. : 

All vertical straight lines are parallel. If weights be 
allowed to hang freely at the end of threads, the threads 
are always parallei. : : 

In Geometry parallel straight lines are very important, 
and we need to be thoroughly acquainted with certain 
geometrical facts about them. They are defined as follows: 


Definition. Parallel straight lines are such that lying in 
the same plane, they do not meet, however far they may be 
produced in either direction. 


51. Distance between Two Parallel Straight Lines. 

It should be noted that in the definition of parallel 
straight lines stated above there 1s no mention of them 
being always the same distance apart, though in the pre- 

67 
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ceding explanations it was stated as a fact which would be 
regarded as obvious. The definition itself involves only 
the fact that parallel straight lines in a plane never meet. 
The fact that the distance between them is constant follows 
from the definition, as will be seen. 

It is important that we should be clear at the outset as 
' to what exactly is the 
A p P B "distance apart" of 
parallel straight lines and 

how it can be measured. 
Let AB, CD be two 


C T D parallel straight lines 
Q QR'S (Fig. 52). 
Fic. 52. Let P be any point on 
B 


AB. 

Let PQ be the straight line which 
drawn from P to CD. 

PQ is defined as the 

straight lines. 


is the perpendicular 


distance between the two parallel 
Two facts may be deduced from this: 


(1) PQ is the least of all straight lines such as PQ, 
a PS ... which may be drawn from P to meet 

(2) If from any other point P', the straight line 
P'Q' be drawn perpendicular to CD, 'Q' will also be 


Mie shines petween the two parallel straight lines, an 


It will be seen later that PQ and P'Q' must them- 
selves be parallel. Consequently we may deduce the 
fact that: Straight lines which are perpendicular t0 
parallel straight lines are themselves parallel. 


52. Corresponding Angles. 


Take a set square, angles 60°, 30°, 90°, and place the 
shortest side AC against a Tuler, as in Fig. 53. Draw 
straight lines along the sides of the set square, so forming 
the triangle ABC. 

Now, holding the ruler firmly, slide the set square along 
it to a new position to form another triangle A'B'C'. 
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The two triangles ABC and A 'B'C' must be congruent. 
The angles at A are right angles and 


ZACB = ZA'C'B' = 60°. 


(1) The straight lines AB and A‘B’, which are both 
perpendicular to the straight line representing the edge of 
the ruler PQ, are evidently parallel. 


We cannot prove that they satisfy the definition of 
parallel lines—viz., that they do not meet if produced in 


B B 


Fic. 53. 


either direction—but we know intuitively that they will 
not meet. 

If the set squares in the experiment were moved along 
the ruler to other similar positions the straight lines corre- 
sponding to AB would all be parallel. 

This, in effect, is the method commonly employed by 
draughtsmen for drawing parallel straight lines. 


(2) The angle ACB represents the inclination of the 
straight line BC to PQ. Or we may say that BC is inclined 
at an angle represented by BCP to PQ—i.e., inclined at 
60? to PQ. THA 

Similarly ZA'C'B' represents the inclination of C'B' to 
PQ, and is equal to ZACB. : 

> BC and B'C' are equally inclined to PQ. 

Also BC and B'C' are evidently parallel straight lines, 
since, as was the case with AB and A 'B', they will obviously 
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GEOMETRICAL REPRESENTATION OF 
ALGEBRAICAL IDENTITIES 


The following algebraical identities, which in preceding 
pages have been employed in the proofs of geometric s 
theorems, can be illustrated by the use of geometric figure 
as shown below. Geometrical proofs are, however, omittec- 


(1). x(a +b + c) 2 xa + xb + xc 


A rectangle such as xa corresponds to each product. a 
The rectangle corresponding 


z 2 = to x(a + b+ c) is represente? 
by the whole rectangle. 
A “Thos corresponding to. ien 
products xa, xb, xc, are 1n b 
“---(4+b+c)---> cated. The sum of these is E 
Fic. 263. viously equal to the whole rect- 
angle. 


The corresponding geometrical theorem is as follows: 


If there be two straight lines one of which 1s undivided and 
the other is divided into any number of parts, then the rect- 
angle contained by the two straight lines is equal to the sum 


of the rectangles contained by the undivided line and the parts 
of the divided line. 


(2). (a + b)? = a2 + b? + 2ab 
Area of whole figure = (a + by a b 
units of area. 


Area of parts = (a? + b? + ab + 


ab) units. a 


Geometrical equivalent. If a 
straight line be divided into any two b 
parts, get e Seine ny oes whole line is 
equal to the sum of the squares on the 
ino parts plus twice the rectangle <--(a+ b)---> 
contained by these two parts. Fic. 264. 
326 
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(3. (a — b) = a? + b? — 2ab 


e 


^ 
M (a-b) Me 
i \(@-ay 
a B 
! Y 
Y 
«----a---- - 


* Examination of Fig. 265 will make clear that it repre- 
ents the algebraical identity stated above and the 


geometrical equivalent which follows. 
The square on the 


: Geometrical equivalent. 
Pd straight lines is equal to the sum of the squares 9 
ines less twice the rectangle contained by these Hines. 


difference of 
n the two 
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never meet if produced. It may now reasonably be 
deduced that : 


(a) Straight lines which are equally inclined to 
another straight line which they cut are parallel. 


Also, the converse of this is clearly true, viz.: 


(b) If straight lines are parallel they are equally 
Inclined to another straight line which chey intersect. 


Transversal. A straight line which cuts other straight 
lines is called a transversal. 


| Corresponding angles. The angles ACB, A'C'B', are 
corresponding angles in the congruent triangles ABC, 
A'B'C' (see 848). They 

P are also corresponding angles 

when the parallel straight 

A B linesBC,B'C' are cut by the 

R transversal PQ; they repre- 

sent the equal angles of in- 


clination of the parallel 
c S D straight lines to the trans- 
versa]. 
Q 53. The conclusions 
m reached above may now be 
IG. 54. 


generalised. In Fig. 54, 

. AB and CD are two straight 
lines cut by a transversal PQ at R and S. 

Then Zs PRB, RSD are c 

Zs PRA, RSC are also co 

From the considerations 


orresponding angles. 
rresponding Zs, 
Stated in § 52. 

(1) If AB be parallel to CD, 

Then ZPRB = Z RSD. 


c E (2) If the corresponding Zs PRB, RSD are 
equal. 


Then AB and CD are parallel. 


These conclusions may be expressed generally as geo- 
metrical theorems as follows : 
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Theorem D. Ifa straight line cuts two parallel 
straight lines, corresponding angles are equal. 


Theorem D, (converse of previous Theorem). If 
two straight lines are cut by another straight line 
so that corresponding angles are equal, then the 
two straight lines are parallel. 


54. Alternate Angles. 


In Fig. 55 the two straight lines AB, CD are cut by the 
transversal PQ at R and 
S. Theangles ARS, RSD P 
are called alternate angles. 
They lie on alternate 
sides of PQ. A R B 
The angles BRS, RSC 
also form a pair of alter- 


nate angles. c S D 
(1) Let AB and CD be 
parallel. à. 
Then, as shown in $53, 
corresponding angles are Fic. 55. 
equal. 
Le., ZPRB = ZRSD, 
But ZPRB = ZARS (vertically opp. Zs). 
ZARS = ZRSD. 


I.e., The alternate angles are equal. 
Note.—The other pair of alternate angles may similarly be shown 
to be equal. 

Conversely, (2) Let ZARS = ZRSD. : 

Now ZARS = ZPRB (vertically opp. 4s). 
ZPRB = ZRSD. 

But these are corresponding angles. 
AB is parallel to CD. (Theor. § 53) 


Note.—These results can be expressed in the form ot geometne 
theorems as follows: 
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Theorem E. If two parallel straight lines are cut 
by another straight line the alternate angles are 
equal. 


Theorem E, (converse of previous Theorem). If 
two straight lines are cut by another straight 
line so that the alternate angles are equal then 
the two straight lines are parallel. 


55. Interior Angles. 
In Fig. 56, with the same figure as in preceding sections 


the angles BRS, RSD are called the interior angles on the 
same side of the transversal. 


P 
A R B 
c 3 D 
Q 
Fic. 56. 
Similarly ARS, RSC are 


; interior angles on the other 
side. 


(1) Let AB and CD be parallel. 
Then ZARS = ZR 
Add ZBRS to each. 


Then ZARS + ZBRS = ZRSD + ZBRS. 
But ZARS + ZBRS = two right angles. (818) 
ZBRS + ZRSD = two right angles. 


ee i f 
I.e., the sum of the interior angles on the same side O 
the transversal is equal to two right angles. 


SD (alternate angles). 
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Conversely (2). Let 
ZBRS + ZRSD = two right angles. 
Then LBRS + ZRSD = ZBRS + ZARS. 


Subtracting ZBRS from each side 
ZRSD = ZARS, 


But these are alternate angles. 
AB and CD are parallel (§ 53). 
These conclusions may be expressed in the form of 
theorems as follows: 


Theorem F. When two parallel straight lines 
are cut by another straight line the sum of the 
two interior angles on the same side of the line is 
two right angles. 

Theorem F, (converse of previous Theorem). 
When two straight lines are cut by another straight 
line, and the sum of the two interior angles on the 
same side of the straight line is two right angles, 
then the two straight lines are parallel. 


56. Summary of above Results. 
l. Three properties of parallel straight lines. 
If two parallel straight lines are cut by a transversal, 
then: 
D. Pairs of corresponding angles are equal. 
E. Pairs of alternate angles are equal. 
F. Sum of the interior angles on the same side of the 
transversal is two right angles. 


Il. Conditions of parallel straight lines. 
Straight lines are parallel if one of the following condi- 
tions is satisfied: 
When they are cut by a transversal, they are parallel: 
D,. If corresponding angles are equal. 
E,. If alternate angles are equal. 
F,. If the sum of two interior angles on the same side 
of the transversal is two right angles. 
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57. Construction 2. 


To draw through a given point a straight line 
parallel to a given straight line. 


The conditions of E, ($ 54) above suggest the method of 
construction. 


Note.—The student is advised to perform the construction which 
follows, step by step. 
Let AB (Fig. 57) be the given straight line and P the 


given point. It is required to draw through P a straight 
line parallel to AB. 


R Y 


q 


Fic. 57. 
Method of construction. 


From P draw any straight line PQ to meet AB at Q. 


At P make angle QPY equal to Z QA (Construction 1, 
§ 25). 


Then PY is the strai 


à ght line required, and it can be 
produced either way. 


Proof. The straight lines PY, AB are cut by a trans 
versal PQ and ZYPQ = /P04A.' (By construction.) 

But these are alternate angles. 

-. Condition E, of 8 54 is satisfied. 

«<. PY and AB are parallel. 


Notes.—(1) When PY is draw 


n making Z YPQ = / PQA, it 8 
evident that only one such line ca 


e: 
n be drawn. Hence we conclud 


Through a point only one straight line can be 
drawn parallel to a given straight line. 
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(2) If the straight line PQ in Fig. 57 and again in Fig. 58 were 
drawn perpendicular to AB, since 2QPY = / PQA (854), it is also 
perpendicular to X Y. Hence it may be concluded that: 


A straight line which is perpendicular to one of 
two parallel straight lines, is also perpendicular to 
the other. 


x 5 Y 
B 
A d 
Fic. 58. 
Exercise 4 


1. In Fig. 59 AB and CD are parallel straight lines and 
are cut by a transversal PQ at X and Y. 


A j y 
fe x A X B 
Y B 
o 
D 
Q Q 
Fic. 59. Fic. 60. 
State : 


(1) Which are pairs of equal corresponding angles. 

(2) Which are pairs of equal alternate angles. 

(3) Which are the pairs of interior angles whose 
sum is two right angles. 


2. In Fig. 60 AB and CD are parallel straight lines cut 


by a transversal at X and Y. 
If ZPXB = 60°, find in degrees all the other angles in 


the figure. 
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3. In Fig. 59 if the angle CYP — 60? state the number 
of degrees in the following angles: 


D (1) PXA, (2) BXY, (3) DYX, 
E (4) QYD, (5) PXB. 
4. Through the vertex A of the 
PA i i el 
A^ABC (Fig. 61), PQ is drawn para 
to the base BC, and BA and CA are 
B c produced to D and E respectively. 
Fic. 61. If ZDAQ = 55° and ZEAP = 40^, 
find the angles of the triangle. 
5. In Fig 62 AB is parallel to CD and AC is parallel to 
B. CD is produced to E. f 
If ZCAD = 37° and ZBDE = 68°, find the angles o 
the figure ABDC, 
6. In Fig. 63 the arms of the angles ABC, DEF are 


A B A 
roit 
dam d 
C D E E ——F 
Fic. 62, Fic. 63. 


parallel. What reasons can you give for the statement 
that LABC = LDEF? (Hint.—Let BC cut DE in Q an 
produce to R.) it 

7. Draw a straight line AB. Take points C, D, E on 1^ 
and through them draw parallel 


straight lines makin correspondi P 

angles of 30° with AB. PRU a : 
8. AB and CD are parallel straight o D 

lines (Fig. 64). The angle APO — C Q 

45° and ZOQC = 35°. Find the 

angle POQ. pees 


9. Two parallel straight lines AB CD are cut by the 
transversal PO at E and F. The Zs BEF and EFC a 
bisected by the straight lines EH, FG. Prove that the 
straight lines are parallel, 


CHAPTER 8 
ANGLES OF A TRIANGLE 


58. On several occasions in the previous work the 
attention of the student has been called to the sum of the 
three angles of particular triangles. He also has continually 
before him the triangles represented by the two set squares 
which he uses and the sum of their angles. It is probable, 
therefore, that he has come to the conclusion that the sum 
of the angles of a triangle is always equal to two right 
angles or 180°. 

A simple experiment will help to confirm this. Draw 
any triangle and cut it out. Then tear off the angles and 
fit them together, as is indicated in Fig. 65. 


SOE’, 


(0) 
Fic. 65. 


The common vertex O will be found to lie in a straight 
line, AOB. Therefore, as stated in the Theorem of $ 18, the 
sum ot the angles—i.e., the angles of the triangle—is 180°. 

This is one of the most remarkable facts in elementary 
geometry, but it would not be satisfactory to accept it as 
being true for all triangles because it has been found to be 
true in certain cases. We must therefore prove beyond 
doubt that the result holds for all triangles. 

The proof which we shall proceed to give has already 
been anticipated in Question 4, Fig. 61, of Exercise 4. With 
a small modification this is substantially the standard proof 
of the theorem. This is as follows. 


77 
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59. Theorem. The sum of the angles of any 
triangle is equal to two right angles. 


Fig. 66 represents any triangle ABC. It is required to 
p that: 


ZABC + ZBCA + ZCAB = two right angles. 


To obtain the proof some additional construction is 
necessary. 


Construction. (1) Produce one side, e.g., BC to D. 
(2) From C draw CE parallel to BA 
(Construction 2). 


Proof. 


(1) AB and CE are parallels and AC is a transversal. 
7. Alternate angles ACE, BAC are equal (§ 56 E). 
(2) AB and CE are parallel and BC is a transversal. 


Be Corresponding angles ECD, ABC are equal 
(§ 56 D). 


Fic. 66. 
(8) ~<. by addition-— 
ZBAC + ZABC = LACE + ZECD 
= ZACD. 


(4) Adding ZACB to each 
ZBAC + ZABC + ZACB = ZACD + ZACB a 
= two right angles ($ 18). 


L.e., the sum of the angles of the triangle is equal to two 
right angles. 
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60. It will be evident that in proving the above theorem 
two other theorems have been incidentally proved. They 
are as follows: 


Theorem. An exterior angle of a triangle is 
equal to the sum of the two interior opposite 
angles. 


It was shown in step (3) of the proof that 
LACD = ZBAC + ZABC. 


I.e., the exterior angle ACD is equal to the sum of the two 
interior opposite angles ABC and BAC. 

Employing a similar proof, it can be shown that if any 
other side be produced, the exterior angle thus formed is 
equal to the sum of the two corresponding interior angles. 


Theorem. An exterior angle of a triangle is 
greater than either of the two opposite interior 
angles. 


For, in Fig. 66, since the exterior angle ACD is equal to 
the sum of the two interior angles ABC, BAC, it must be 
greater than either of them. 


61. Corollaries. 


When a theorem has been proved it sometimes happens 
that other theorems follow from it so naturally that they 
are self-evident. They are called corollaries. 

From the above Theorem the following corollaries thus 
arise. 

(1) In a right-angled triangle the right angle is the 
greatest angle. The sum of the other two must be 90° 
and each of them is acute. $ 

(2) No triangle can have two of its angles right angles. 

(3) In any triangle at least two of the angles must be 

acute angles. 

(4) Only one perpendicular can be drawn from a 
point to a straight line. This follows from Corollary 3. 


p" 
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Thus the AABC is divided into two ^s, ABD, ACD. 
If it can be proved that these are congruent by applying 
one of the three conditions A, B, C of § 49, then it will follow 
that the Zs ABD, ACD must be equal. 


We therefore set down which of the angles and sides of 
these As are known to be equal. 
They are as follows: 


In As ABD, ACD. 
(1) AB — AC (given). 1 
(2) ZBAD = ZCAD (angle BAC was bisected). 
(3) AD isa side of each of the As and therefore equa 
in each triangle, or, as we say, AD is common to both A5. 
-. in the two triangles, two sides and the included angle 
are equal. 
~. By Theorem A, § 49. 
The triangles ABD, ACD are congruent. 
-. Corresponding angles are equal, and in particular 
LZ ABD = ZACD. x 
Thus the theorem is proved to be true for all cases since 
ABC is any isosceles triangle. 
Corollaries. 


l. Since BD = DC and ZADB = ZADC. t t 

L.e., these angles are right angles, it can be said tha e 

In am isosceles triangle the straight line which bisects 
angle at the vertex also bisects the base at right angles. 

2. Triangles which are equilateral are also equiangular, -g 
ce perpendicular drawn from the vertex to the 
asects it. 


he 
63. The following theorem follows directly from - 
Theorem of § 62: 


Theorem. |f the equal sides of an isos¢ 


: e 
triangle are produced the exterior angles so form 
are equal. 


eles 


D 
Let the sides of the isosceles AABC be produced M 
and E (Fig. 69). 
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Then, the exterior angles DBC, ECB are supplementary 
to the angles ABC, ACB which have been proved equal. 
LDBC = ZECB. 


64. The converse of the above Theorem is also true. 
In that Theorem we proved that “ if the sides were equal, 


A 
A 
B C 
D E B D [e 
Fic. 69. Fic. 70. 


the opposite angles must be equal" The converse is, “ if 
the angles are equal, the opposite sides are equal." 

Theorem. |f two angles of a triangle are equal, 
the sides opposite to them are equal. 

In Fig. 70 the angles ABC, ACB are given equal. 

We require to prove AB — AC, these being the sides 


opposite to them. 
The proof is similar to that of the Theorem above, but 


Theorem C of $ 49 is used instead of Theorem A. 
Construction. Draw AD bisecting the angle BAC. 
Proof. In the ^s ABD, ACD: 

(1) ZABD = ZACD (given). 
(2 ZBAD = ZCAD (construction). 
(3) Side AD is common to both. 
* As ABD, ACD are congruent (Theorem C, § 49). 
In particular AB = AC. 
Corollary. Triangles which are equiangular are also 
equilateral [converse of Corollary 2 (8 62)]. 
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Exercise 6 


: ; . s f the 
l. In the isosceles triangles, in which the angle of t 
vertex is (a) 45°, (b) 110°, (c) 90°, find the remaining 

angles. : : 
2 Find the angle at the vertex of an isosceles triangle 
when each of the equal angles is (a) 50°, (b) 32°, (c) ot ihe 
3. In the triangle ABC, AB — AC, find the angles o 
triangle when A 
(1) ZB = 48°, (2) ZA = 80°, (3) ZC = 70°. S 
4. In an isosceles triangle each of the angles at bi E a 
is double the angle at the vertex. Find all the uf ; 
5. The angles of a triangle are in the ratio of 2:2: 
Find them. 1 duced, 
6. The equal sides of an isosceles triangle are Bro Fin 
and each of the exterior angles so formed is 130°. 
the angles of the A. ] to BC 
7. Ina AABC, AB = AC. PQ is drawn pum i the 
and meets the equal sides in P and Q. Provet 
triangle APQ is isosceles, f BC—vit 
8. The equal angles of an isosceles triangle A t at O- 
ACB and ABC—are bisected and the bisectors mee 
Prove that AOBC is isosceles. AB is 
9. ABC is an isosceles triangle, and AB = Seu. 
produced to D. If ZBAC = 50°, find the ane, n equi- 
10. Show that if the mid points of the sides "e ie also 
lateral triangle are joined, the resulting triang T iti 
equilateral. What fraction of the whole triangle : of BC: 
ll. ABC is a triangle and D is the mid poin right 


DA is drawn. If DA — DC prove that ZBAC is 4 
angle, 


CHAPTER 10 
SOME FUNDAMENTAL CONSTRUCTIONS 


65. Before beginning the study of draughtsmanship, 
engineering and building students and others must first 
master a number of fundamental constructions. Some of 
these will be dealt with in this chapter, others will come 
later. For these constructions only compass and ruler 
should be employed for the present. 

These constructions are placed before the student not 
only for their practical value, but also because, with the 
aid of those geometrical theorems which have been studied 
in previous chapters, it will be possible to prove that the 
method of construction is a correct one, and must produce 
the desired result. They will thus furnish exercises in geo- 
metrical reasoning of which the reader has already had a 
number of examples. Two examples of constructions have 
already been introduced ($8 25 and 57), and the methods of 
constructing triangles from fixed data were explained in 
§ 45. 

66. Construction No. 3. 

(a) To construct an equilateral triangle on a 
given base. 

(b) At a point on a straight 
line to construct an angle of 60°. 

(a) AB is a straight line on which 


it is required to construct an equi- 
lateral triangle (Fig. 71). A B 


Method of construction. Fic. 71. 
(1) With A as centre and AB . 
as radius, construct an arc of a circle. — 
(2) With B as centre and AB as radius, construct 
85 
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an arc of a circle large enough to cut the arc previously 
described in C. 
(3) Join AC, BC. 
ABC is the required triangle. 
Proof. By the method of construction AC and BC are 
each equal to AB. 
;. they are equal to one another. 
te. the three sides AB, BC and AC are all equal. 
^. the triangle ABC is equilateral. 
(b) The triangle ABC being equilateral is therefore 
equiangular (Corollary 2, $ 62). 
«<. each angle is 4 of 180°—i.e., 60°. 7 
*, at the points A and B angles of 60? have been con 
structed. 


67. Construction No. 4. 


To bisect a given angle. 


Let AOB (Fig. 72 


ire to 
) be the angle which we require t 
bisect. 


Fic. 72, 


Method of construction. 


ut off 
(1) From the two arms of the angle OA, OB € 
OX and OY equal to one another. 
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(2) With X as centre, and with any convenient 
radius, describe an arc of a circle. 

(3) With Y as centre, and the same radius, describe 
an arc of a circle cutting the other arc in P. 

(4) Join OP. 


Then OP bisects the angle AOB. 


Proof. 


Join PX, PY. 
In As OPX, OPY: 


(1) OX — OY (construction). 

(2) PX — PY (construction). 

(3) OP is common to both As. 
.. As OPX, OPY are congruent (§ 49, B). 
In particular ZPOX — ZPOY. 
I.e., OP bisects the angle AOB. 


68. This construction suggests the following theorem: 


Theorem. Any point on the bisector of an 
angle is equidistant, from the arms of the angle. 


Let Q be any point on the bisector OP of the angle AOB 
(Fig. 72). ER 


Draw QE and QF perpendicular to the arms OA, OB. 
Then QE, QF are the distances of Q from OA and OB. 


Proof. In As OEQ, OFQ: 
(1) ZEOQ = ZFOQ (halves of ZAOB). 
(2 ZQEO = ZQFO (right Zs). 
(3) OQ is common to both As. 
.. the triangles OEQ, OFQ are congruent (8 49, C). 
In particular QE — QF. 
` Q is equidistant from the two arms. 
Similarly any other point on OP can be shown to be 
equidistant from OA and OB. 


, Note. —Students may have noticed that use was made of the 
bisector of an angle in Theorem of § 62, before the method of obtaining 
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it had been considered. But this does not in any way ue 
the proof of the Theorem above-mentioned since the bisector e E 
angle does exist even though we had not previously proved pd 
was to be drawn. The proof of the theorem does not in any 
depend on the method of drawing an accurate bisector. 


69. Construction No. 5. 
To bisect a given straight line. 


Let AB (Fig. 73) be the straight line which it is required 
to bisect. 


Fic. 73. 
Method of construction. 


dius 
(1) With centres 4 and B in turn, and a ra 


ng a 
jon than 414B, draw arcs of circles interesctinS 
and Q. 


(2) Join PQ cutting AB at O. 
Then O is the mid point of AB. 
Proof. Join AP, BP, AQ, BQ. 

In As APQ, BPÓ : 

(1) AP = pp (construction). 

(2) AQ = QB (construction). 

(3) PQ is common to both ‘As. 


"- ^s APQ, BPQ are congruent ($ 49, B). 
In particular ZAPQ = Z BPQ. 
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Now the AAPB is isosceles and OP bisects the angle at 
the vertex. 

*. using the proof of the Theorem of $ 62 (Cor. 1). 

OP bisects the base AB at right angles. 

<. AB is bisected at O. e. men 

Since OP bisects AB at right angles, this is also the metho 
of the following construction. 

To draw the perpendicular bisector of any 
straight line. 

70. A theorem also arises from the above which is similar 
to that following Construction No. 4, viz.: 

Theorem. Any point on the perpendicular 
bisector of a straight line is equidistant from the 
ends of the line. 

In Fig. 73 if any point C be taken on OP and joined to 
A and B the As AOC, BOC can be shown to be congruent, 
as in $ 69 and consequently CA — CB. 

7l. Construction No. 6. ; 

To draw a straight line perpendicular to a given 
Straight line from any point on it. 

Let AB (Fig. 74) be a straight line and O a point on it, 


[o 


B 
"p o) Q 
Fic. 74. 


at which it is required to draw a straight line which is 
Perpendicular to AB. 
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Method of construction. 


(1) Oneither side of O mark off equal distances OP,0Q. 

(2) With P and Q as centres and any suitable radius 
describe circles which cut at C. 

(3) Join OC. 


Then OC is a straight line perpendicular to AB. 


Proof. Join CP, CQ. 
In As COP, COQ: 
(1) CP = CQ (equal radii). 
(2) OP — 0Q (construction). 
(3) OC is common. 
.. As COP, COQ are congruent (§ 49, B). 
In particular Z COP = ZC0Q. 
<. by definition they are right angles. 
. OC is perpendicular to PQ. Pies 
Note.—If the point O is near one end of AB, so that the two rum 7 
cannot conveniently be described, the method of construction No. 
which follows, can be employed. 
72. Construction No. 7. 
To draw a perpendicular to a straight line from 
a point at, or near, one end of it. 


0 


A P B 


Fic. 75. 


yid ired 
Let AB (Fig. 75) be a straight line to which it is requi 
to draw a perpendicular at one end, viz., at B. 
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Construction. 


(1) With centre B and any suitable radius, describe 
a circle cutting AB at P. 

(2) With P as centre and the same radius, describe 
an arc of a circle cutting the previous circle at Q. 

(3) With Q as centre and the same radius, describe 
an arc cutting the same circle at R. 

(4) Join PQ, BQ and BR. 

(5) Bisect the angle QBR by OP (Construction No. 4). 


Then OB is perpendicular to AB. 


Proof. Join QR. 
As in Construction No. 3, ABPQ is equilateral. 
ZPBQ = 60°. 


Also BQ, BR, QR are equal. 
-. ABQR is equilateral and 


ZQBR = 60°. 
Since this is bisected by OB (construction). 
ZOBQ = 30° 
ZOBA = 60° + 30° 
= 90°. 


*. OB Is perpendicular to AB at B. 
73. Construction No. 8. 
To draw a straight 


P 
line perpendicular to a 
Blven straight line from C D 
rp E; B 


n given point without A 


AB (Fig. 76) isa i 

x ` straight 

line, and P is a point with- < 

E a required to à 
rom P a straight li 

Perpendicular to AB. "pe uade 
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Method of Construction. 


(1) With P as centre and a convenient radius draw 
a circle cutting AB at C and D. : 
(2) With centres C and D and the same radius, à 


convenient one, draw circles intersecting at R. 
(3) Join PR. 


Then, PR is perpendicular to AB. 


Proof. Join PC, PD, RC. RD. 


As PCD, RCD are isosceles As on opposite sides of CD. 
We can therefore prove as in the proof of Construction 
No. 5 (Fig. 73), that the As PCQ, PDQ are congruent, an 
in particular Z PQC = / PQD. : to 
^ these are right angles and PQ is perpendicular 


Exercise 7 

Note.—In the following exercises only a ruler and campana 
Should be used. V. 

1. Construct the following angles: 30°, 75°, 120°, 150 le 

(ao Construct on angle of 45°, Use it to obtain an ang 
of 221*. 

3. Construct the following angles: 15°, 135°, 105°. 
4. Construct an equilateral triangle of side 
Bisect each side and produce the bisectors. They 

meet in a point. 

5. Draw a triangle with sides 4 cm, 3 cm and 3 
Bisect each of the angles. The bisectors should mee 
point. :des of the 

From this point draw perpendiculars to the sides ual to 
triangle. With the point as centre, and a radius Cu circ ie 
the length of one of these perpendiculars, describe @ © fhe 
It should touch the three sides at the points wher 
perpendiculars meet them. 4 cm- 

6. Construct a triangle with sides of 3:8 cm, 4-4 e rertict? 
Bisect each side and join the points to the opposite "meet » 


The three Straight lines should be concurrent—?.¢»» 
& point. 


cm. 
should 


6 cm 
tina 
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7. Construct a triangle with sides 4 cm, 6 cm, 7 cm. 
Draw the perpendicular bisectors of the sides. These 
Should meet in a point. With this point as centre, and 
radius equal to its distance from a vertex, describe a circle. 
It should pass through the three vertices. 

8. Draw a circle of radius 3-6 cm. Draw any chord AB 
and then draw its perpendicular bisector. Repeat this 
with another chord CD. Do the two perpendiculars meet 
at the centre of the circle? 

9. Draw a triangle of sides 8, 9 and 10 cm. From each 
vertex draw a perpendicular to the opposite side. The 
three perpendiculars should be concurrent. 

10. AB is a straight line of length 4 cm. Show how to 
find two points each of which is 5 cm from both A and B. 


CHAPTER |I 
QUADRILATERALS 


74. As defined in § 38, a quadrilateral is a plane ne 
lineal figure bounded by four straight lines. There a 
thus four angular points, as A, B, C, D in Fig. 77. 


Straight lines which join two opposite angular points 
are called diagonals. 


Thus in Fig. 77, BD is a diagonal, and as A and C Sa 
also be joined, every quadrilater 
A has two diagonals. " 
B Each diagonal divides the guan 
lateral into two triangles. G 
quently, it follows from ios a j 
$59 that the sum of the ang d Jit 
D C any quadrilateral is equal to four ri 
Fic. 77. angles. deu 
The quadrilateral of Fig. hich 
irregular in shape, but most of the quadrilaterals w 
we shall consider are regular quadrilaterals. 


75. Rectangles. 


s il 

The most commonly occurring quadrilateral in our a 
life is the rectangle. A knowledge of this figure ah the 
Name were assumed in Chapter 1 as being part ? body 
fundamental geometrical knowledge which every wi 
possesses. In §2 it appeared again in connection box. 
the solid body, as the shape of each of the faces of d ed, 
The definition of it will come later, as it may be er o 
from the geometrical point of view, as a special fo 
another quadrilateral which we shall consider next. 


76. Parallelograms. 


2 art 
The cover of an ordinary match-box, the wie ead 
having been removed, can be used, as follows, to i 


94 
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a parallelogram. In Fig. 78, ABCD represents the open 
rectangular end of the cover of the box, with the longer 
sides horizontal. Squeeze gently together the top and 
bottom of the box so that the sides of the end rectangle 
Totate until they take up a position such as is shown by 
A'B'CD in Fig. 78. f 

The opposite sides of A'B'CD are parallel, but its angles 
are not right angles. The lengths of the sides, however, 
remain the same. 

Such a quadrilateral is called a parallelogram. The 
original rectangle ABCD also has its sides parallel and is 


Fic. 78. 
therefore, as will be seen later from the definition, a special 


orm of a parallelogram. 1 

If the one of the box had been a square instead of a 
rectangle, on rotating, it would still be changed to a parallelo 
Sram. But just as with the square its sides are all eguie 
It is therefore a special form of a parallelogram, the 
rhombus. a 

Onsidering the four figures, rectangle, parallelogram, 
Square, rhomibus, it will [e seen that they have one pro- 
Perty in common, viz., the pairs of opposite sides are 
Parallel; they differ however in other respects. These 
may be contrasted and defined as follows: 


77. Definitions of Parallelogram, Rectangle, Square, 
hombus. 


. (a) A parallelogram is a quadrilateral 
tn which both pairs of opposite sides are 
Parallel (Fig. a). 


(a) Parallelogram. 
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(b) A rectangle is a quadrilateral in which 
both pairs of opposite sides are parallel and 
one of its angles is a right angle (Fig. b). 
(b) Rectangle. 


(c) A square is a quadrilateral with both 
pairs of opposite sides parallel, one of its 
angles a right angle, and two adjacent sides 
equal (Fig. c). 


(c) Square. 


(d) A rhombus is a quadrilateral uo 
both pairs of opposite sides parallel, r 
adjacent sides equal but none of its angle 


right angles (Fig. d). 
(d) Rhombus. 
Fic. 79. 


Notes on the definitions. 


(1) The definition of a parallelogram stated above should 
be examined in connection with the characteristics pm 
satisfactory definition as described in $4. ie are 
opposite sides of a parallelogram are obviously equal Pee 
might be a temptation to define it as a "' gae 
whose opposite sides are equal and parallel". But 
inclusion of the statement of equal sides is illogical. llel 
parallelogram can be constructed by drawing two par nes 
straight lines and then two other parallel straight ne 
which cut them. But this construction involves only hey 
geometrical fact about the straight lines, viz., that t 
are parallel. That is all that we know about them. 
from this fact, and the properties of parallels which : 
been considered in Chapter 7, we can proceed to ge in 
that the opposite sides must be equal. This 1s don 
the Theorem of § 78. ngle, 
(2) It may further be noted that since the reo they 
square and rhombus are all parallelograms, in that 


have 
ove 
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conform to the definition of having “ pairs of opposite 
sides parallel”, they might be defined as follows: 
A rectangle is a parallelogram in which one of the 
angles is a right angle. 
À square is a rectangle which has two adjacent sides 
equal. 

_A rhombus is a parallelogram with two adjacent 
Sides equal, but none of its angles is a right angle. 
Pa In the definition of a rectangle it is stated that “ one 
it the angles is a rightangle". It will be proved later that 
if this is so all the angles must be right angles. But, for 
donum previously given, this does not form part of the 

efinition proper. 


78. Properties of Parallelograms. 


t We can now proceed to establish some of the charac- 
Weide properties of the important quadrilaterals dealt with 
ove, basing the proofs upon the definitions given in § 77. 


Theorem. 


(a) The opposite sides and angles of a 
parallelogram are equal. 

(b) A parallelogram is bisected by each 
diagonal. 


A B 


Pac mm 
TO 


D [e 
Fic 80. 
dips) Un 80) is a parallelogram and BD is one of its 
(a) We require to prove{ a) a E De 


(2 
(8 ZABC = ZADC. 
(à ZBAD = ZBCD. 
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Proof. By definition AB is parallel to DC 
and AD is parallel to BC. 


The diagonal BD is a transversal meeting these parallel 
straight lines. 


<. In the As ABD, CBD: 


(1) ZABD = ZBDC (alternate Zs, § 56) 
(2) ZADB = ZDBC (alternate Zs, § 56) 
(3) BD is common to both As. 


*. ^s ABD, CBD are congruent (§ 49, C). 


In particular AB = DC 
AD = BC. 


Also from (1) and (2) by addition 
ZABD + ZDBC = ZADB + ZBDC, 


1.e., ZABC = ZADC. 
Similarly, it may be shown by drawing the other diagonal 
that ZDAB = ZBCD. 


(b) Since the As ABD, CBD are congruent, each of mer 
must be half of the area of the parallelogram, 7.2, t 
diagonal BD bisects the parallelogram. C if 

Similarly, it may be shown that the diagonal 4 
drawn would bisect the parallelogram. 


Corollaries, le 
Cor. |. If one angle of a parallelogram is a right oan 
all the angles are right angles (see definition of a rectang 


877). : 
Cor. 2. If two adjacent sides of a parallelogram "d 
equal, all the sides are equal (see definitions of square 


thombus, § 77). 
79. The diagonals of parallelograms. 


Theorem. The diagonals of a parallelogra™ 
bisect each other. 
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In Fig. 81, ABCD is a parallelogram; AC and BD its 


diagonals intersect at O. 


We require to prove that the diagonals are bisected at 
» BE, 


AO = OC, BO = OD. 
Proof. In As AOB, COD: 
(1) AB — CD (§ 78). 
(2) ZOAB = ZOCD (alternate Zs, § 56). 
(3) ZOBA = ZODC (alternate Zs, § 56). 


“©. As AOB, COD are congruent (§ 49, C). 
In particular AO = OC 
BO — OD. 


Note.—This theorem holds for a rectangle, square and rhombus, 


A B 
F 
d ra B > 
D ZZ tl 4 D "db" C 


Fic. 81. Fic. 82. 


Since these a 


m can be proved 
Precisely as į re parallelograms and the theore P 


n the above. 


80. The diagonals of a square. 


_ Theorem. The diagonals of a square are equal, 
intersect at right angles and bisect the opposite 
angles, 


., ABCD in Fig. 82 is a square and O is the intersection of 
its diagonals, 
We require to prove : 


(1) The diagonals are equal. 
(2) The angles at O are right Zs. 
(3) The diagonals bisect opposite angles. 
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Proof. 


(1) In the As ADC, BCD: 


(1) AD = BC (818). 
(2) DC is common to each A. 
(3) ZADC = ZBCD (right angles, § 78, Cor. 1). 
. the As ADC, BCD are congruent (§ 49, A). 
In particular AC = BD, 
t.e., the diagonals are equal. 
(2) In the As AOD, COD: 


(1) 40 — OC ($79). 


(2) AD — DC (sides of a square). 
(3) OD is common. 


^s AOD, COD are congruent ($ 49, B). 
In particular Z40D — Z DOC. 


^ at 
.. these are right angles and the diagonals intersect 


right angles. 


(3) Since As AOD, COD are congruent. 


^ LADO — ZCDO, 
t.e., LADC is bisected. 


*. diagonals bisect opposite angles. 


81. Properties of the diagonals of parallelograms. 


The facts dedu 
different types of 
follows : 


Parallelograms. 
Rectangles. 


Square. 


Rhombus. 


ced above respecting the d 


parallelograms may be sum 


Bisect each other. 

(1) Bisect each other. 

(2) Are equal. 

(1) Bisect each other. 

(2) Are equal. 

(3) Are at right angles. 

(4) Bisect opposite angles. 
(1) Bisect each other. 

(2) Are at right angles. 

(3) Bisect opposite angles 


iagonals u 
marised ? 
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82. The Trapezium. 


The trapezium is a quadrilateral in which two opposite 
sides are parallel, but the other sides are not parallel. 

In the quadrilateral ABCD (Fig. 83) AB 1s parallel to 
DC but AD and BC are not parallel. 

ABCD is a trapezium. 


83. The following is a test by which, when the conditions 


D C ro 
Fic, 83. Fic. 84. 


Stated are satisfied, a quadrilateral can be declared to be a 
parallelogram. 


Theorem. A quadrilateral, in which one pair of 


Pposite sides are equal and parallel, is a parallelo- 
gram. 


ABCD (Fig. 84) is a quadrilateral in which AB and CD 
are equal and parallel. 

Then ABCD is a parallelogram. Ay 

In order to satisfy the definition of a parallelogram it is 
Necessary to prove that AD and BC are parallel. 

Construction. Draw the diagonal AC. 

Proof. In As ABC, ADC : 


(1) AB = CD (given). 
(2) AC is common. 
(3) ZBAC = ZACD (alternate Zs). 


As ABC, ADC are congruent (§ 49, A). 
In particular ZACB = ZDAC. UN 
But these are alternate angles when the straight lines 
4D and BC are cut by the transversal AC. 
"^. AD is parallel to BC. (§ 56, E,.) 
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Since AB is parallel to DC. 
".. by the definition of a parallelogram. 
ABCD is a parallelogram. 


Note.—This theorem may also be stated thus: The straight lines 


which join the ends of two equal and parallel straight lines are them- 
selves equal and parallel. 


84. The next two theorems are helpful in proving other 
theorems which have useful practical applications. 


Theorem. A straight line drawn through the 
middle point of one side of a triangle and parallel 
to another side bisects the third side. 


In Fig. 85. 
P is the mid point of the side AB. 
PQ is parallel to BC. 
A We require to prove: 
Q is the mid point of AC, 
i.e., is AQ = QC. Bie 
The following construction 15 
necessary to obtain a proof. 
From C draw CR parallel to 
B c AB to meet PQ Caan (e 
Proof. The opposite sides 
TAE the M MENT PRCB are 
parallel. 
“. PRCB isa parallelogram (Def.) 
ORC = PB (§ 78) 
= AP (given). 


In As APQ, CRQ: 


(1) AP = RC (proved above). 
(2) ZAPQ = ZQRC (alternate Zs). 
3) ZPAQ = ZQCR (alternate Zs). 
-. As are congruent (§ 49, C). 
In particular AQ — QC. 
ee AC is bisected at Q. 


R 
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85. Theorem. The straight line joining the i bps 
points of two sides of a triangle is parallel to 
the third side and is equal to one half of it. 


The Fig. 86 is the same as in the preceding theorem, but 
in this case we are given that: 


P and Q are the mid points of two sides of the AABC. 
We require to prove: 
(1) PQ is parallel to BC. 
(2) PQ = 4BC. 
, The construction is the same as in the preceding theorem, 


t.e., CR is drawn parallel to AB 
to meet PQ produced at R. 


Proof. In ^s APQ, QRC: 


(1) ZPAQ = ZQCR Q - 
(alternate Zs). 
(2) ZAPQ = ZORC 
(alternate Zs). ^ 
(3) AQ — QC (given). B mean 
^s APQ, QRC are con- 


gruent (§ 49, C). 
In particular AP — RC 
and 


à PQ — QR 
ps PO = iPR. 
But AP — PB (given). 
RI NEU S. 


ae lel. 

But by construction PB and RC are paralle ite 
ee PRCB is a upaceiiateril in which a pair of opposi 
Sides j llel. ' ; 

Es pce il pni er $83. PRCB is a parallelogram 
t.e., PQ is parallel to BC. 

And since PQ = 1PR. 

4. PQ = 4BĊ. 


in i tical 
86. The following theorem is useful in its prac 
applications, 
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Theorem. If three or more parallel straight lines 
make equal intercepts on any transversal they also 
make equal intercepts on any other transversal. 

In Fig. 87, AB, CD, EF are three parallels. They are 
cut by two transversals PQ, RS. + CE 

Given that the intercepts on PQ are equal, i.e., AC = CE, 


Fic. 87. 


it is required to prove that the intercepts on RS are equal, 
i.e., BD = DF 


Construction. Draw AG parallel to BD, 


and CH parallel to DF. 
Proof. AGDB and CHFD are parallelograms (Def). 
©. BD=AG 
and DF —CH. 


In As ACG, CEH: 
(1) AC — CE (given). r 
(2) ZACG = ZCEH (corresponding angles). 
(3) ZCAG = ZECH (corresponding angles). 
<. As ACG, CEH are congruent. 


In particular AG — CH. 
But AG — BD, 
and CH — DF. 
"^. BD = DF. 


; 
d intercepts 
Note.—This theorem is known as “ the theorem of equal inte 
It is the basis of the diagonal scale. 
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87. Construction No. 9. 


To divide a given straight line into any number 
of equal parts. 


This construction problem is solved by the application of 
the preceding theorem. 


A C D B 


Fic. 88. 


In Fig. 88, AB i ight li it is desired 
AU n s any straight line. Suppose it is de 
to divide into (say) tree Saal parts, 7.e., to trisect it. 


Method of Construction. 


uS straight line AP making any convenient angle 


S With a pair of dividers or compasses mark off along AP 
"Tons lengths AX, XY, YZ, which are equal. 
n . 
to om X and Y draw the straight lines XC, YD, parallel 
The straight line AB is trisected at C and D. 


ean The two transversals AB and AP cut te 
el straight lines CX, DY, BZ. 

But the intercepts on AP, viz., AX, XY, Y2, are W 
CD; by Theorem of $ 86, the intercepts on ti 
D, DB are equal, i.e., AB is trisected at C and D. 


three 
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Exercise 8 


1. Find the angles of the parallelogram ABCD (Fig. 80) 

when: 
(à ZADC = 70°. 
(b ZDBC = 42? and ZBDC = 30°. 

2. Construct a square of 3 cm side. 

3. (a) Construct a rhombus whose diagonals are 3:6 cm 
and 4-8 cm. h 

(b) The diagonals of a square are 4 cm long. Draw the 
square and measure the length of its side. , n 

4. Construct a parallelogram such that its diagonals aT 
3 cm and 4 cm long and one of the angles between them 
is 60°. 

&. Construct a parallelogram ABCD when AB = 4 e 
BC = 3 cm and the diagonal AC is 5cm. What particu 
form of parallelogram is it? : tat 

6. The diagonals of a parallelogram ABCD intersec 
O. Through O a straight line is drawn to cut AB and 
at P and Q respectively. Prove that OP — OQ. and 

7. ABC isa ^. E and F are the mid points of Ah 
AC. EF is produced to G so that FG = EF. Prove 
BE is equal and parallel to CG. ees five 

8. Draw a straight line 8 cm long and divide it o ue 
equal parts. Check by comparing their lengths by mea 
ment. CD. 

9. ABCD is a trapezium in which AB is parallel to 
If AD = BC prove that ZADC = ZBCD. 


CHAPTER 12 
AREAS OF RECTILINEAL FIGURES 


"b. Area quar anne fà § 7 as the amount of surface 
enclosed by the boundaries of a figure and there have been 
?everal implicit references to the areas of rectilineal figures 
in preceding chapters. For example, when, in $ 78 it was 
proved that“ a parallelogram is bisected by a diagonal, the 
reference was to area only. Again, when it was stated that 
congruent triangles coincide ” the implied meaning is that 
not only are corresponding sides and angles equal, but that 
the areas of such triangles are also equal. i 
tis now necessary to consider the methods by which the 
areas of rectilineal figures are obtained and, also, how these 
areas are measured. 


89, Measurement of Area. i 
The first essential for all measurement is a unit; the unit 


of area is obviously going to be related to the unit of length. 
m unit of length in SI is the metre (m), and the logica 
o 


his 9. area is that of a square which has sides of 1 metre. 
US is the square metre (m?). " 
us a smaller measurements the square of any unit may Re 
the :€.8-: square centimetre (cm?), square millimetre (m 3 

is are the areas of squares having centimetres, opi turi 
in adie The same procedure applies to larger areas, u 
v. addition, there is the are, the area of a square having x 
wae of 10 m. The usual metric prefixes may also be use 
With the are, e.g., the hectare (100 ares). 


P i uared, or graph 
- Square centimetres may be seen on sq 
Paper. An enlargement of 4 square centimetre of Bean 
ink is shown in Fig. 89, and an example to scale is 
1g. 90. 
The sides of the square are divided into 10 equal parts, 
107 
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each part being thus 0-1 cm. Each division is the side of 
a square such as is indicated in the small square at A. 
Consequently, in the bottom row, corresponding to the 
side AB, there are 10 of these 
D small squares. Throughout the 
whole square ABCD there are 
such rows, since each side of the 
square is also divided into 10 
equal parts. Altogether then 
there are 10 x 10, i.e., 100 sma 
squares such as that at A. m 
Every small square is therefore 
0-01 of a square centimetre. Pos 
3 rows contain (10 x 3) of We 
Fic. 89. and their total area is 0-01 
7, 30 = 0:3 cm?. all 
Similarly 7 rows would contain (10 x 7) = 70 sm se 
squares, and the area of the rectangle represented by the 
7 rows would be 70 x 0-01 = 0-7 cm*. 


9l. Area of a Rectangle. 


The above example suggests a method for finding i5 
area of a rectangle. Asa more general case let us cons! i 
the rectangle vate 
Fig. 90, which 15 is in 
on squared paper TU v. 
centimetres, the Sd hare 
ABCD being 8 907. 
centimetre. Each Certo 
metre is divided each 
10 equal divisions, 

a millimetre. 

The sides of 
ange AHKL are b 

and3cm. , ac 
Fic. 90. Corresponding te AH 
centimetre in the $e row 
there is a sq. cm above it, i.e., there are 4 cm? In 
of squares constructed above each centimetre og MS 
In the whole rectangle ALKH there are 3 such 


the rect 
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-. The total number of sq. em in ALKH =3 x 4 = 12, 
i.e., the area of AHKL = 12 cm?. 

If the rectangle were 6 cm by 5 cm, then there would 
be 6 cm? in each row and 5 rows. 

-. Total area = 6 x 5 

— 30 cm?. y 1 

This reasoning can evidently be applied to a rectangle 
of any size and the result generalised as follows: 

Let @ = number of units of length in one side of the rect- 
angle. 


Let b = number of units of length in the adjacent side of 
the rectangle. 


Then area of rectangle — (a x b) sq. units. 


The argument above referred to examples in which me 
lengths of the sides of the rectangle are exact numbers ps 
units of length. With suitable modifications, however, 1 
can be shown to be true when the lengths of the sides are 


fractional, ; 
„For example adjacent sides of the rectangle AEFG, Fig. 90, 
viz., AE and AG, are 3-5 and 1-5 cm respectively. m 
These lengths expressed in millimetres are 35 an pes 
mm respectively, and each very small square with a 
one millimetre is a square millimetre. 
^. with the same reasoning as above, 
Area of AEFG = (35 x 15) mm? 
— 525 mm? 
= 5:25 cm?. jus 
Similar methods employed in other cases confirm 


truth of the general rule given above. 


92. Area of a Square. 


€gardin as a rectangle with 
equal, the See Fade for its area can be mo 
accordingly. 
Thus if b = a. 
Then area of square =a Xa | 
= a? sq. units. 


jacent sides 
adjace died 
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93. Area of a Parallelogram. 


The formula for the area of a parallelogram, the angles 


of the figure not being right angles, can be determined as 
follows: 


Consider the parallelogram ABCD, Fig. 91. 
Construction. Draw CP perpendicular to AB. 
From D draw DQ perpendicular to CD to meet BA 
produced at ET DQ is per- 
endicular to 5Q. 
aA e B Proof. It CD be regarded 
as the base of the parallelo" 
gram, then CP or DQ ist E 
corresponding altitude © 
D C height of the parallelogram, 
Fic. 91. It is the distance between th 
two parallels AB and DC. 


M ih Q is a rectangle and DC and CP are two adjacent 
Sides. 


In As BCP, ADQ : 


(1) ZCBP = ZDAQ (corresponding angles). 
(2) ZDQA = ZCPB (right angles). 
(3 ČB = DA ($78). 
*, As BCP, ADQ are congruent. P 
<. quadrilateral ADCP APCE = quadrilateral abe 
+ AADQ 


i.e., parallelogram ABCD = rectangle PCDQ. 


, 


the area 


. the area of a parallelogram is equal to same 


of the rectangle with the same base and 
height. 

'. area of parallelogram = base x height- gp the 
Corollary. The area of any other parallelogram ee ihe 
base DC and having Dee | height, or lying di 
same parallels, is equal to that of the rectangle P DQ. 


pe €* 
94. The statement in the corollary above can 
pressed formally in the following theorem. 
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Theorem. Parallelograms on the same base and 
having the same height, or between the same 
parallels, are equal in area. 


In Fig. 92 PQ and XY are two parallels. 
Let AB, a part of PQ, be a base to any two parallelograms, 


E 
X D L € K F y 
P 
A B Q 
Fic. 92. 


pa as ABCD, ABEF, between the two parallels PQ and 


Draw AL and BK perpendicular to XY. 

Then AL — BK. 

As in § 93 each of the arallelograms ABCD, ABEF 

can be shown to be equal cea to the rectangle ABKL. 
- the area of ABCD = area of ABEF. 

95. If both base and height be constant in parallelograms 


Such as are described above, the area will be constant. 
BS rc p E R_H G 
A B E F 
Fic. 93. 


The base need not be the same base; but the bases must 
€ equal, 


€nce we arrive at : | 
: ua 
Theorem. Parallelograms which have per 
ases and lie between the same parallels, i.e., 
ave the same height, are equal in area. 
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In Fig. 93 ABCD, EFGH are parallelograms having equal 
bases AB and EF and lying between the same parallels. | 

If rectangles ABPQ, EFRS be constructed as shown 1n 
figure, these will have the same area. * 

*. parallelograms ABCD, EFGH, which are equal in 
area to these, must be themselves equal. 


96. Area of a Triangle. 


Every triangle can be regarded as half of a certain 
parallelogram which can be readily constructed. ae : 
illustrated in Fig. 94. Each of the three types of triang'e? 


F A E DF E A DA D 


B HC B C H B c 
(a) (b) (c) 
Fic. 94. 


E 
acute angled (a), obtuse angled (b) and right angled Ob 
half of the parallelogram ABCD, the construction of W the 
is obvious. In the case of the right-angled triangle (c) nd 
parallelogram assumes the form of a rectangle. In 5d an 
(b) AH represents the altitude or height of the triang 
therefore also of the corresponding parallelogram. tangle 

In each case the parallelogram is equal to the rec? oy 
BCEF, constructed by drawing perpendiculars BF an one 
Also, each triangle is equal to half of the jos er side 
of whose sides is the base of the triangle and the ot? 
the same in length as the height of the triangle. show? 
In both parallelogram and rectangle it has been 
($93) that : 
Area — base x height. 


' area of A = 1(base x height). 


If b — length of base 
h = altitude 
and A = area. 


Then A = ibh. 
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97. From the above conclusions the truth of the following 


theorems will be apparent without any formal statement 
of the proofs. 


Theorem. If a parallelogram and a triangle be 
on the same or equal bases and between the same 
Parallels, the area of the triangle is one half that 
of the parallelogram. 


heorem. Triangles on equal bases and between 
the same parallels are equal in area. 


98. Area of a Trapezium. 


: ABCD is a trapezium (Fig. 95) in which AD is parallel 
o BC, 
From D and B draw perpendiculars DE and BF to the 
Opposite side, produced in A D 
the case of DA. Join BD. F 

he trapezium is divided 


Y BD int D, 
DBC Into two As AB 


Let h be the distance be- p E 
tween the parallel sides. Fic. 95. 
Then A is equal to DE and 
BF, the altitudes of the As DBC and ADB. 
Let AD — a units of length and BC = 6. 
Area of ADBC — bh. 
Area of AADB = sah. 


". area of trapezium 


e 
& 
ES 
+ 
"- 
S 
> 


= 1 ^b 
= Tenhi ; sum of parallel eame. 
s = height x average of para 


sides. 


f be 
Area of a Quadrilateral. Any Se t T 
vided into two triangles, as in the p the area of 
Sum of the areas of these triangles is equa 

the quadrilateral. 


di 
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Exercise 9 


Note.—In some of the following exercises the student is expected 
to draw the figures to scale and calculate the areas from the measur! 
lines. 


l. Take two set squares of angles 30°, 60°, 90° and pu 
them together with the hypotenuses coinciding, this 
forming a rectangle. Measure the sides of the tectane i 
and find its area. Hence find the area of one of the se 
squares. 


2. Fig. 96 represents a square tile of side 10 cm. ABCD 


A À 
1 
À 4-5m 
B D 228 | 
X | Y 
<3 6m» 
Fic. 96, Fic. 97. 


ind the 
are the mid points of the sides of the square. Find 
area of the part which is shaded. 
3. Find the area of a rectangle 5-8 cm by 4-5 cm. 
4. Find the areas of the following triangles: 


(a) Base 155 mm, height 70 mm 
(b) Base 9-7 m, height 6-7 m 
(c) Base 15-4 cm, height 11-4 cm. 


d 
an 
5. Construct a triangle with sides 2, 2-5 and iem ways 
find its area. Check the result by doing it in th 
and finding the average of your results. : 

6. Construct an equilateral triangle of side 
find its area. d 
7. The diagonals of a rhombus are 3:6 cm an 
Find the area of the rhombus. length at? 
8. The area of a triangle is 15-6 cm? and me 
base is 6-5 cm. Find the corresponding altitude. 


7 cm and 


1-4 cm- 


AREAS OF RECTILINEAL FIGURES II5 


9. Fig. 97, not drawn to scale, represents the side of a 
lean-to Shed of dimensions as indicated. Find its area. 
10. Fig. 98, not drawn to scale, represents the section 


c7m»e- -a5m»- 


<--> 
Fic. 98. 


E: an aqueduct of dimensions as indicated. Find the area 
ot the section. 


CHAPTER 13 


RIGHT-ANGLED TRIANGLES. THEOREM OF 
PYTHAGORAS 


. 99. One of the most important theorems in Geometry 
is that connected with a right-angled triangle and known 
as the “ Theorem of Pythagoras ". It is as follows: 


Theorem. The area of the square on the hypo- 
tenuse of a right-angled triangle is equal to the 


sum of the areas of the squares on the other tW? 
sides. 


In Fig. 99 ABC is a right-angled ^ and BC is its hyP™ 
tenuse. Squares are © 
K structed on the sides. hat : 
The Theorem states t s 
Square on BC = d 
on AB + square on AC 
There are several interea 
ing devices for cutting AC 
the squares on BA an” «o 
and fitting them into save 
square on BC. But il r0- 
time and space we W! A f 
ceed directly to the Phn 
which the dee eg ore 
longer and perh jous 
eavaplioated than gp 
theorems. 
Construction. Draw Ae 
parallel to BE and CD, and consequently at a a 
to BC and ED. 
This divides the square on BC into two rectangle? 
The proof consists in showing that 
116 


st- 
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rectangle BLME = square on AB. 
(these are shaded) and afterwards 
the rectangle CDML = square on AC. 
(A) To prove rectangle BLME = square on AB. 


To obtain connecting links between these, join AE, HC. 


First it is noted that KA and AC are in the same straight 
line (§ 18), 


(1) AABE and rectangle BLME are on the same base 
and between the same parallels BE and AM. 
13, SABE = 4(rectangle BLME) (§ 97). 
(2) AHBC and square ABHK are on same base HB and 
between the same parallels HB and KC. 
: IBC = (square ABHK). 
~. If it can be proved that AABE = AHBC., 
Then rectangle BLME — square ABHK. 


(B) To prove AABE — ^HBC. 
(1 AB = HB 
) BE — BC 


(2 (sides of a square). 
(3) ZABE = 


(sides of a square). , 
ZHBC (since each Z equals a right 
2+ ABC), 

^ As ABE, HBC are congruent. (§ 49 A). 

` rectangle BLME = square ABHK  . (1) 
In a similar manner by joining AD and BG it may be 
Proved that the 
rectangle CLMD — square ACGE . (2) 
on of (1) and (2) we get 
Square on BC = sum of squares on AB and AC. 


" The student is advised to go through the proof leading 
© (2) and write it down. 


By additi 


roof has been made somewhat longer by 
esigned to help the student through it. S 
ore usual way of setting it out is given i 
5). 
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It 
: o true. 
100. The converse of the above theorem is als 
is as follows: side 
n one 
Theorem. [fina triangle the sep diu two 
is equal to the sum of the squares a 
Sides, then the triangle is right-angled. 


ill 

: k, but WI 
The proof is omitted in this section of the boo 
be found in Part IT (p. 267) 


= ressed in 
101.. The Theorem of Pythagoras can be exp ad 
lgebraical form as follows: Í he sides 4 
íi 3 the right-angled triangle ABC (Fig. 100) " being the 
represented by a, b, c as explained in § 44, 


ypotenuse, 3 
Then by the Theorem of Pythagoras: 
c2 = a? ek b2, : 
whence c — Va? + Di 
also a? = ch — 62 
and a= SEES 
similarly b= Ve — a. 


ther 
à ftheo 
Hence any one side can be expressed in terms o 

two. 


From these results it 


ngled 
triangles, the h 


P ight-a 
is evident that if in two rig 


l, 
e equa 
ypotenuse and one side of Penge a 
the third side Will also be equal and the 

congruent, 

102. To fing th 


s 
n term 
e length of the diagonal of a square i 
of the sides, 
Let a — len 


;g. 101) 
ig. 
8th of a side of the square ABCD (Fig 
Let x = length of the diagonal, DB. ) 
Then 1222/4 ;" a? (Theorem of Pythagoras 
= 2g, 
X = a. 


a side i; 
I.e., the ratio of the diagonal of a square to 
2 tl. 


M 45°- 
It may be noted that the angles CBD, CDB are each 
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103. To find the height, or altitude, 
triangle in terms of the side. 


In Fig. 102, ABC isan equilateral A. 


119 


of an equilateral 


A 
A B A 
b c a 
C 
c q B D a C B D 
Fic. 100, Fic. 101. Fic. 102. 
AD, ti i is the height or 
altitude lé perpendicular from A to BC, is the heig 
Let 4 = length of each side. 
Then 


a 
CD — 5. 


In the right-angled AADC, AC? — AD? + DC, 


The angles of the AADC are 90° 60°, 30° (those of one 
9f the set i 


It Squares) and the A is one of frequent occurrence. 
Should be noteq that the ratio of the sides of this A are 
v3.4 
a: "94 : 5 
or 


2:V3:1. 
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Area of an equilateral triangle. 
From the above triangle: 


Area = 3BC x AD 
EL 
Area — s a? 


Exercise 10 


right- 
l. Which of the As, with sides as follows, are TÉ 
angled ? 


y whose 
_ 2. Find the lengths of the diagonals of squares Y 
sides are: 


(2) 1 m, (b) 12 m. 


à are: 
3. Find the altitudes of equilateral As whose sides 
(a) 1m, (b) 12 m. p2m 
.*. The diagonals of a rhombus are 4-6 m and 
Find the lengths of the sides. km dU 
man travels 15 km due east and then 18 traight 
m How far is he from his starting point in a $ 
e? 


P onal 
" S One side of a rectangular field is 140 m. A diag 
4 9L. Find the length of the otherside. a dos Bo 
hien, Beg is 3 m from the foot ora flagstaff which Fed to 
igh. What length of rope, when taut, will be nee 
reach ue peg from the top of the flagstaff ? le is 65 CP 
i vypotenuse of a right-angled triangle i thet 
sie pue Side is 2.5 cm. What is the length of the ? ;ch 
9. Find the altitude i i ee 
of an isosceles triangle in 
each of the equal sides is 10 fir, seal The base is Do 
f 


ide 
Find the area of an equilateral triangle of sid 


GORAS z 
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; is 25/3 cm, 
cm; (b) If the area of an po triangle is 
what is the length of each side: inst a vertical wall of a 

ll. A ladder 12 m long ag ces omae m from the botom 

e f the ladder he ladde 
- fee aue ons the wall does the top of the 
i : t right 

e aet diagonals of a quadrilateral ecd tts of 
angles mee em the sum of the He cod on the other 
Opposite Sides equals the sum of the squ 
pair. 


: is twice that of a 
13. Construct a square so that its area is twice : 
qe 0? with its 
|^ pee m in length makes an angle of 3 


f its 
ind the length o 
Projection on a horizontal plane. Find the 

Projection, 


CHAPTER 14 
POLYGONS 


€ 
d by mo 
104. A polygon is a plane rectilineal figure bounde 
than four straight lines. 


imes inclu 
Triangles and quadrilaterals are sometim 


; ere 1n 
under the term polygon, but it will be used h 
sense defined above. 


li 
. des and a 
A regular polygon is one in which all the side 

the angles are equal. 


ded 
the 


js one 1 
ai al, 18 0 
A convex polygon, like a convex quadrilateral, - 
which no angl 


no 
x ; e., it has 

€ is greater than two right angles, 1... 

reflex or Te-entrant angle, 


regula! 
The work which follows will be confined to 
convex polygons. 


105. Sides of Polygons, 
There is no t 


, fa 

des 0 
heoretical limit to the number of si 
Polygon, but o 


n 
ommo 
nly those with twelve or less are comr 


e 
; : e most in us 
met with: The names of polygons which ar 
are as follows: 
No. of Sides. Name. | 
5 Pentagon 
6 Hexagon 
7 Heptagon 
8 Octagon 
10 Decagon 
the 
s 
The number of an is the same ay 
f Bles of a polvgon is the : u 
number of Sides. Thus a regular ‘hexagon has six ed 
angles, as wel] as six equal sides, 
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106, Circumscribing Circles of Polygons. described which 
With all regular polygons, circles ht 
Pass through all the angular points or v 


i les 
TES ; s. Examp 
uch circles are called circumscribing circle 
are shown in Fig. 103. 


. it is required to 
9 draw the circumscribing circle. If it is req 


- : i Octagon 
(@)Regular Hexagon (b)Regular Pentagon (c)Regular Octag: 
Fic. 103. 


. is gular polygon, 
draw the circumscribing circle of a given regular p 
this can be done in two ways. 
" o or more 
(1) Draw the perpendicular bisectors of tw 
Sides: or the angles 
(2) Draw the bisectors of two or more of ined 
of the polygon. : : obtaine 
In ithe: Dun the intersection of the ig Pages en 
is the centre of the required circle. bisectors of the 
of Fig. 103 all the lines thus drawn i a radius of the 
angles. Each of these straight lines 1 
Circle, 


revious 
The proof in either case will be clear from p 
Work, olvgon is an 
i«C?tTesponding to each side of a tegulas pi iis cram 
ISosceles A with its vertex at the m the case of the 
Kibing circle as shown in Fig. a 

€xagon all these triangles are equila « 


107, Inscribed Circles. 


h 
as to touc 

ircles which are drawn within polygons "ley clearly 
all the Sides are called inscribed circles. 

touch each side at its mid-point. 
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; suc 
To draw the inscribed circle of a given pose tie came 
the hexagon in Fig. 104, find the centre, which i: circles 
as for the circumscribing dicular 
by drawing the perpen 
y 4 bisectors of the sides. f these 
The length of any P pe d 
perpendiculars from O yas of the 
these mid-points is the rai aple; i 
D A inscribed circle. For exal Pf the 
Fig. 104, OP is the radius 
inscribed circle. 


ons. 
E P F 108. Angles of Regular Pom e 
Fic. 104. As stated in $ 105 these 


on. 

equal in any regular pene 
They can be found in various ways. in Fig. 108 (b): 
First method. Consider the pentagon in : T wii 
he five isosceles As with sides of the pe angles 4 
and vertices at O are clearly congruent, and the js 15 


hi 
Centre are equal. Their sum is four right angles. 4 
evidently true for all regular polygons. ses of 
For the pentagon each angle at the centre = 
right Zs. 


ZAOB = 360” = 12", 
2 o) = 54°. 
“+ each of the angles OAB, OBA = 3(190° — 72°) 


“ABC =2 x ZOBA = 108°. E 
Second method, For our example in this case We 
consider the hexagon 


Fi ides 
In this pol (Fig. 103 (a)). h si 


; ; it 

ygon six equilat are formed w1 

GE the pelymon ac bu ateral As are 12 
". sum 


right Zs. of all the angles of these triangles, 6 X 
These include the an 7 i 
i | gles at O, i.e., 4 right Zs. 
++ Sum of the six angles of the hexagon = (12 — 


5. 
= 8 right £9 


4) right 
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90° 
7. each angle = : right Zs — 8 x 5 
= 1209; 
Tip angle of a regular polygon of n sides. 


i i iangles. 
n general, if a polygon has z sides there are n triang 
-; Sum of all the angles of the As = 2n right angles. 
This includes the 4 right Zsat the centre. — -—— 
“. Sum of angles of the polygon = (2n — 4) right Zs. 


—4. 
*. each angle = right Zs. 


In the octagon, for example, » = 8. 
exes right Zs 

ex 135", 
Third method. Exterior angles of a regular polygon. 


. Let the sides of a regular polygon (Fig. 105) be produced 
In the same order, 


: man 
Xterior angles are thus formed, and these are as " 


4. each angle — 


as there are sides to the 
Polygon, 

_Let m — the number of 
Sides, 


Then there are » exterior 
angles, At each angular 
Point the sum of the interior 
bp exterior angles is 2 right 

s. 


7. for n exterior angles: 


Sum of all the angles — 2n 


right Zs 
ut sum of interior angles — 105. 
? — 4) right Zs (see fes 
above), 


i s. 
* Sum of exterior angles = 4 c angie 
hen t ides and thus » exteric 

here are x side 4rt. Zs__ 360° 


€ach exterior angle = i n 


Y 
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360? 
"^ 
Thus, for a hexagon each interior angle 


o _ 360° _ 120°, 
= 180° — E 


-. each interior angle = 180° — 


109. Construction No. 10. 


. ht 
iven straig 
To construct a regular polygon on a giv 
line. 


le 

; he ang 

i i king use of t hic 

This can readily be "— brem ad polygons ke i 

Dass been stated be em- 

? Several methods can special 

ployed—occasionally jse of 2 

methods as in es “following 

n—but " 

cng lot en aa 

the 

o AB (Fig. 106) Rs 
Fic. 106. given side of the 


Sas 
polygon. e n side 
Considering the Seneral case let the polygon hav 


A B 


Method of Construction. 


Produce AB indefinitely to P. 
c 


f 
a is one 9 
t B construct an angle which, by gent ui Metho ) 
the exterior angles of the polygon ($108, Thir 

It was there Shown that : 


Each exterior angle — 360° 


360° 
"at B construct an angle PBQ equal to a 
Along PQ mark off BC = 

Then BC AB 


, i f the 
5 à Side of the Polygon and ZABC is one © 
angles of the Polygon, 


d 
cte 
milarly, another angle equal to PBC can be constru 
ON 
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3t C and a third side obtained. Thus the whole polygon 
can be constructed step by step. 


NI li Ti is frequently helpful, having obtained BC, to find the 
Ie of the circumscribing circle as stated above. 


Exercise |l 


ad Find the number of degrees in each of the equal 
&les of the following regular polygons : (a) heptagon, 
Octagon, (c) decagon. l 
160° If each of the interior angles of a regular polygon is 
» 20w many sides are there? 
3. Construct a hexagon with a side of 0-1 m. 


(a) What is the radius of the circumscribing circle A 
(b) What is the distance between two opposite sides? 
(c) Find the area of the hexagon. 


4. Construct a regular octagon of side 3 cm. 


40°. ach of the exterior angles of a regular polygon is 
angle Ow many sides has it? Find each of the interior 
s. 


6. The sum of the exterior angles of a polygon is equal 


fo the sum of interi ides has the 
Polygon? of the interior angles. How many si 


CHAPTER 15 


LOCI 
110. Meaning of a Locus, 


lan, oP 
If à number of points be marked, al, li in any regulat 
a sheet of Paper, they will not, in general, S geometr! A 
ormation, nor will they form any regu as to satisfy a 
» however, they are placed so p^ in a recog 
geometrical] condition, they will be seen to - 
nisable &eometric figure. . traight line fr a 
simple example is that of drawing a s za straight ed8 

a point 4 to another point B, by means of c 


int o 
or ruler. As the point dge 


f 
: he e05- os 
K L M pencil moves along t arded 
" Q it can be reg sion 
the ruler it cai us succes ing 
forming a continu constitut! k 

of points, the whole 

A B 


oin 
a straight line. All sa fig y 
satisfy the condition o to 
the straight line joining " 
owe: 
R - rii. NNNM is as x xed 
Fic. 107, Let AB, Fig. 107, ed it is 
straight line and Der which 
desired to find all the Points in the plane of the pap 
are half an inch from it. 
know that 


is the length of t 
the line. 


[22] 


the distanc 


pm* 
5 Perpendicular drawn from the p Pr. 


osi the 


zs x ON 
: ition 
e en ve lne satisfies the cond other 
e centimetre from 


Similarly, tad diculars 
5. ; Such as D and £ and drawing rare poin 
nd M C&P one jetre in length, we obtain th 
dition. ints must 
Tevious work, that all such poin 
128 
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lie on the straight line PQ which Is parallel to AB and 
equal in length to it. The points P and Q will lie at the 
ends of the perpendiculars from A and B respectively. 

" AB also evident that a straight line RS, drawn parallel 
o AB on the other side of it, such that the perpendicular 
Tom any point on AB to it is one centimetre in length, also 
contains points which satisfy the condition of being one 
centimetre from AB. 

Consequently, we conclude that all the points in the plane 
which satisfy the condition of being one centimetre from AB lie 
on two parallel straight lines, one centimetre from AB, equal in 
length to AB, and lying on opposite sides of it. 

Further, it will be clear that there are no other points 
A raphi of the paper which are distant one centimetre 

rom 

An assemblage of all the points which satisfy a given 
Condition is called a locus. (Latin, locus =a place, 
position; plural—locz.) 

We have also seen that the straight line PQ may be 
regarded as the path of a point moving so that it satisfies 
tne condition of being one centimetre from AB. Hence the 

efinition: 

The path traced out by a point moving so as to satisfy 
a fixed condition or law is called the locus of the point. 


III. Let us next consider this problem: 

What is the locus of points in a plane which are one 
centimetre distant from a fixed point ? 7 

The answer to this is at once suggested by the definition 
of a circle (§ 21). In that definition we read “ all straight 
lines drawn from points on the circumference to a fixed point 
within the curve called the centre are equal". 

Consequently, the answer to the question is that the locus 
Is the circumference of a circle, whose centre is at the 
fixed point and whose radius is one centimetre. 


112. Locus of Points Not in One Plane. 
bove definitions points and lines were specified 
as Pica: plane. Butit will be readily understood that 
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"E which 
there may be points not in the plane, i.e., in space, 
also satisfy the given condition. ‘on if the lines are no 
n the example of the previous section if t een that the 
longer restricted to one plane, then it will be Son from à 
locus in space of points which are at a given ‘The radius © 
fixed point is the surface of a ball or sphere. he fixed poin 
the sphere is the specified distance from the 
which is the centre of the sphere. . which are ? 
Similarly, the locus in space of points s in $110) 
specified distance from a fixed straight line = ce d 
is the interior suri im-jar or 
cylinder, such as a ja . 
p tin. linder will 
The sphere and cy ith in 
be more fully dealt w 
Chapter 24. 


ul- 

113. Locus of ans points 

distant from Two Fixe fixe 

A Let A and B be the two 

z Fig. 108). ides 
uc om No. 5 Problem. 
the solution of the am any 
There it was proved Dedicular 
point on the peret is 
Ry bisector of a straight nds of 
Fic. 108, equidistant from the € , 
herefore, join AB anq Em Construction N° 
the Perpendicular bisector of AB, viz., PQ. 


, then, as in th int on PQ is © 
distant from 4 "i EE er ae 


^. PQ is the required locus. ing 

114. Locus Of Poj idi ee 
Straight Lines "5 Equidistant from Two | m 

e 
ai a eos to this problem is supplied by the TS 
>» following o Construction No. 4 
Is clear that the jise 

y 


angle 
locus is the bisector of the Thus, 


qui- 


lon of the two straight lines. 
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in Fig. 72 OP is the locus of points which are equidistant 
from the two straight lines OA and OB. 
115. The geometrical construction of a locus is seldom as 
easy as those stated above. The following example is 
somewhat more difficult. 

Find the locus of a point which moves so that the sum 
of its distances from two fixed points is constant. 

The locus may be drawn as follows: 


Se 
A > B 
D 
Ellipse 
Fic. 109. 


Let P and Q be two fixed points on a piece of paper on a 
Tawing board. 

Fasten two pins firmly at P and Q. . 

Take a closed loop of fine string or thread and place it 
Tound the pins at P and Q. 

,, With the point of a pencil stretch the string taut, so that 
it takes up a position such as X. . 

If the pencil now be moved, keeping the string taut, 
the point at X will travel along a curve. Since the length 
of the string is constant, and the distance between P and 

is constant, the sum of PX and QX must be constant. , 

hus, the point moves round a curve so that the sum o 
Its distances from P and Q is constant. " 

The resulting curveis an ellipse, which may therefore be 

defined as: 
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Let OX, OY be two straight lines at right angles to each 
other. 

Let P be a point in the plane of these lines. 

Let y, ie., PK, be its distance from OX. 

Let x, i.e., PL, be its distance from OY. . 

If the relation between y and x for a series of points be 


Fic. 111. 


Such that y is Always proportional to the square of a, then 
the locus of such Points is a parabola. 
This relation can be expressed by the equation 
y = ax. 
This is true for any value of a. Leta = 1. 
hen the equation becomes y = x?. oceed 
Using this simpler form of the equation, we may rition. 
to find the locus of all points which satisfy the conce, 
To do this we assign suitable values to x and then ca me 
the Corresponding values of y. For convenience c added 
these are tabulated as follows (other values can be 
by the student): 


2-5 
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Using scales as indicated on OX and OY (Fig. 112), 
We proceed to find the points for which the corresponding 
values of x and y are those in the table, thus at P 

x= 2. y= 4. 

It will be seen that these points apparently lie on a 

Smooth regular curve. This must be drawn by the student. 
t is a reasonable inference from the form of the curve 


Parabola 
Fic. 112, 


that all points on it, besides those plotted, will satisfy the 
condition y = 42, This can be checked by taking points 
on it, finding the corresponding values of x and y and seeing 
if they do satisfy the condition. Further, it will be clear 
that there are no points on the plane, not lying on the curve, 
Which satisfy the condition y = x?. 
cae convenience, different units are employed for x 
» 
The curve is thus the locus of the points, which are such 
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that the distance from OX is equal to the square of the 
distance from OY. 

The student who has a knowledge of elementary algebra 
will realise that there is a similar curve on the other side of 
OY, corresponding to negative values of x. This agrees 
with the curve as drawn by geometrical methods in Fig. 110. 
The curve is a parabola. 


117. The Hyperbola. 


Algebraic expressions, involving two quantities denoted 
by x and y, in which y is expressed in terms of x, can * 
represented by curves obtained in a similar way to es 
given above. A noteworthy example is the curve bon 
represents the relation between x and y denoted by t 
equation 


e 
=> 
Using the method of the previous example, the nón 
to be obtained may be regarded as the locus of points gov 
that the distance (y) of each of them from OX is 
reciprocal of the distance (x) from OY. ery 
his curve presents difficulties when x becomes cd 
large or very small, but they cannot be discussed 3 
The student is referred to Teach Yourself Algebra, § 17 xS: 
A table of corresponding values of x and y is as follov 


1 2 3 4 
1 i i i 


ined 
When the curve is drawn through the points Hp 
from these it is as shown in Fig. 113. : above 
curve similar to that obtained by using the 
values can be drawn for negative values of x. 
This curve is known as the hyperbola. 


118. The Cycloid. cum- 
This curve is the locus of a fixed point on the eit 
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ference of a circle which rolls along a straight line without 
slipping. 

The curve, which is one of considerable practical value, 
may be observed by making a visible mark on a bicycle 
wheel, or garden roller. As the wheel rolls smoothly the 


Hyperbola 
Fic. 113. 


mark will be seen to move along a curve in space. This 
curve is the cycloid. N 

i lotted as follows. Take a solid circular 

A cycloid miy o Pa piece of paper and with its 


disc, place it horizontally on a | 
edge Taothitag a fixed ruler or à book a marked point, P, 


is made on the paper. Carefully roll the disc along the 
edge of the ruler for a short distance, taking care it does 
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i i ding 
not slip, Now make a point on the paper corresponc 
to Meng position of P. Repeat this and so obtain a 


number of similar points; the curve drawn through these 
) is the cycloid. 


P 


Cycloid 
Fic. 114, 


Fig. 114 represents the curve, the marked point am tiie 
circle starting from A, reaching the highest point at 4 the 

At B the circle has made one complete rotation, an 
fixed point is back again on the line AB. 


119. Intersection of Loci. 


When two lines which are the loci of points satisfying 
two separate sets of conditions intersect, then the E. 
or points of intersection satisfy both sets of conditio PO 

Example I. A and B (Fig. 115) are any two points, 
is the perpendicular bisector of AB. A and B 

en PQ is the locus of points equidistant from 
($113). ;sectof 

Let C be a third point, and RS the perpendicular bise 
of BC. B and C 
Then RS is the locus of points equidistant from 
Let O be the intersection of PQ and RS. 

Since O lies on PQ it must be equidistant from ^ 
Also since O lies on RS it must be equidistant fro 


A and B; 


Ban 


equi 
~. O must satisfy both sets of conditions and is 
distant from A, B and C 


ie., OA = OB = OC; 
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*. if a circle be described with O as centre and OA as 
.radius the circumference will pass through B and C. 

The following conclusions may be deduced from the 
above: 

(1) If AC be drawn then ABC is a triangle and the circle 


Fic, 115. 


drawn as described above is the circumscribing circle of the 


triangle (see § 106). . . . 

(2) Since PQ and RS can intersect in one point only, one 
circle only can be described to pass through three points. 

(3) The perpendicular bisector of AC must pass through the 
centre of the circumscribing circle O. Consequently the per- 
pendicular bisectors of the sides of a triangle must be concurrent. 

Example 2. The principle of the intersection of loci has 
been used previously in a number of examples, without 
reference to a locus, 4S, for example, in the following 


problem. . . 
A and B are two points 6 cm apart on a straight line AB. 
Find a point which is 4 cm from A and 3 cm from B. 
With centre A and radius 4 cm describe a circle (Fig. 116). 
With centre B and radius 3 cm describe a circle. 
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sfy both conditions, i.e., each of them E 
3 cm from B, They are thus the vertice 
of two triangles ABC and ABC’ Whose sides are of the 
given dimensions, 5 cm, 3 cm. 
early con, ruent, 

The student will observe that, in principle, this was the 
method employed in the construction of a triangle, when 
three sides are Blven (see § 45, B). 


LOCI I41 


Exercise 12 


1. Describe the following loci: 


(a) The centre of a wheel of radius 1 m which rolls 
in a vertical plane over a smooth horizontal surface. 

(b) The centre of a wheel of radius 1 m which rolls 
round a wheel of radius 2 m. 

(c) A runner who runs round a circular track, always 
keeping 1 m from the inner edge of the track. 


2. A number of triangles on the same base and on the 
same side of it are of equal area. What is the locus of their 
vertices ? 

3. On a given straight line as base a number of isosceles 
triangles are constructed. What is the locus of their 
vertices ? 

4. On a given straight line, AB, a number of right-angled 
triangles are constructed, each with the right angle opposite 
to AB. Draw a number of such As and sketch the curve 
on passes through the vertices. What does it appear 

o be? 

5. AB is a fixed straight line and O a point without it. 
O is joined to a point P on AB and PO is produced to Q so 
0Q — OP. As P moves along AB, what is the locus of Q? 

6. On a fixed straight line, AB, a series of isosceles As are 
Constructed on one side of AB. Let C be one of the vertices. 
ains CA to D, so that CD — CB. What is the locus 
o 


7. AB is a straight line and P is a point without it. If 
P moves so that the perpendicular from it to AB is always 
one-half of its distance from A, what is the locus of P? 

8. XY is a fixed straight line of indeterminate length. 
A part of it, BC, is the base of an equilateral ^ ABC. If 
the triangle rolls over, without slipping, on XY, until AC 
lies on XY, what is the locus described by B? _ 

. 9. Two straight lines PQ and XY of unlimited length 
intersect at O at an angle of 45°. Show how to find points 
which are one centimetre from each of the straight lines. 

10. POQ is an angle of 60°. Show how to find a point 
Which is one centimetre from OP and 4 cm from OQ. 


CHAPTER 16 


ARCS, CIRCUMFERENCE, AREA 


120. Arcs and the angles they subtend. 


The student is reminded of the conclusions reached in 
$621 and 29. There 


it was pointed out that if a straight pine 
Totates in a plane about a fixed point at one end of the E 
then any point on the rotating line traces the circumfere 
of a circle, and that 


THE CIRCLE. 


any part of this circumference is called 
an arc, : OB 
Thus when the Straight line OA (Fig. 117) rotates to € 
about O, an arc of the circle, 108 
B AB is described by A, and ZA h 
7 is the corresponding angle throug 
A Which AB turns. : nd 
The angle AOB is said to sta is 
on the arc AB, while the arc AB 
Said to subtend the angle AOB at 
the centre of the circle. Both arc 
and angle are described by the same 
Fic. 117. amount of rotation. Hi 
If the rotating line moves throug’ 
aabt her angle BOC equal C AOB, the arc BC is formed 
subtending “BOC at the centre, Clearly since ZAOB = 
BOC the arc BC must equal the arc Ap. It is reason- 
anig vi coüElude mu qual angles correspond to equal arcs 
ersa, is ma: x emia 
eorems, y be expressed in the theori 
(1) Equal are 


5 În a cire] 
the centre, $ sub 


Q) (The Converse of t : I 
angles at the centre ap Previous theorem.) Equa 
arcs 


Circle stand upon equal 


tend equal angles at 
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amount of rotation, and therefore the angle described, is 

doubled, the arc is also doubled. If the angle, in the 

same way, were to be trebled, the arc would be trebled, and 

z for other multiples. It may therefore be concluded 
at: 


In a circle arcs are proportional to the angles which 
they subtend at the centre of the circle. 


121. Sector. 


That part of a circle which is enclosed by an arc and the 
two radii drawn to the extremities of the arc is called a 
sector. 


In Fig. 118 the figure AOB is a sector. In a circle of 
B 
B 7 
AS A [c Waa A 


D 
Sector Quadrants 
Fic. 118. Fic. 119. 


given radius, the size of the sector is determined by the 
angle of the sector, AOB, or by the length of the arc. 
Quadrant. If the angle of the sector is a right angle, the 
Sector becomes a quadrant. 
Tn Fig, 119 the shaded sector is a quadrant. 
If two diameters be drawn at right angles, such as AC 
and BD, the circle is divided into four quadrants. 
Semicircle. If the angle of the sector be 180°, the sector 
ecomes a semi-circle, i.e., half a circle, as ABC in Fig. 119. 
Semi-circle thus contains two quadrants. An important 
Ee m example is the semi-circular protractor (see 
Chord. The straight line which joins the ends of an 
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arc of a circle is called a chord. In Fig. 120, AC isa chord 

of the circle in which ABC isan arc. Itis also a chor 

the arc ADC. ix 
A diameter is a chord which passes through the centre. 

122. Length of the circumference of a circle. 


The length of a curve obviously cannot be SERE 
he same Way as that of a straight line by means re te 
Straight edge or ruler." Hence, oth 
methods must be found. f 
8 The length of the circumference ia 
A a circle is a matter of great impor 
ance, if only for practical a dep 
To obtain àn exact formula for ei 
calculation we require more um 
vanced mathematics than is possible 
in this book, but an approximation 
Chord D can readily be found by practica 


methods, Such as the following. 
Fic. 120, Wind 


fa) 


fen two smooth rectangular 
care that they are Parallel. The distance 
oasis evidently the diameter of the circle- 
dps tements the ratio of the length of the 
It is better to do thi he Slaméter oe at one 
diameters, and then Kite th Sud qd dar 
conclusions will b, 


e Apparent: average of the results, Two 


THE CIRCLE. ARCS, CIRCUMFERENCE, AREA 145 


circumference 


(1) The value of the ratio , allowing for 


diameter 
errors of measurement, is found to be the same in all cases. 
If C — circumference 
and d — diameter. 
C. 
Then FEL a constant number. 


(2) This constant number will probably be found by 
the above experiment to lie between 3-1 and 3:2 

If this constant ratio can be determined accurately we 
have a rule by which the length of any circumference can 
be found when the diameter is known. 

The problem of finding the ratio exactly has exercised 
mathematicians for many centuries. The Egyptians arrived 
at fairly good approximations and the Greeks at more 
exact ones. Modern mathematics has, however, found a 
method by which it can be calculated to any required degree 
of accuracy. Its value to 7 places of decimals is 
91415927. >. This is universally denoted by the Greek 
etter x (pronounced '' pie ”’). 


Thus x = 3:1415927... to 7 places. J 
For practical purposes it is usually sufficient to take i 
x = 3:1416. 


A less accurate value is 34, i.e., 24. 
M rra = 3-1428... it is clear that if it be so used in 
culations the accuracy of the results cannot, in general, be 
a pendia upon as accurate for more than two significant 
igures. The value 22 will be sufficient for questions, unless 
otherwise stated. 
Using this symbol, the results reached above can be 
€xpressed in a formula: 
Let C = length of circumference. 
d = length of diameter. 
r = length of radius. 


The Ge. 
n J=" 
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or C — «d 
Or since d —9, 
C =2nr. 


123. To Find the Length of an Arc. 


ed 
The length of an arc of a circle, given the angle ca Ade 
by it at the centre, can rea Jole 
calculated from that of the “the 
5 circumference by making use o i 

geometric theorem of § 120, viz. 5d 

Arcs are proportional to ES 
A angles they subtend at the cent is 
In Fig. 121 the arc AB bears e 
Same ratio to the whole gun ei 
that the angle subtended by s à 

Fic, 121. the centre, viz., AOB, bears 


complete rotation, 360°. 
Leta = length of arc, 


r | = radius of circle, 
o 


: S. 
” = angle subtended at the centre by AB in degree 
Then as Stated above: 


a_m” 
2xr ~ 3609 
n 
a= 360 x 2nr. ^ 
, For example, if an are subtends 72° at the centre of 
circle of radius 2 cm: 


72 
Then, length of arc = 360 X 27 x 2 


—4m 4x 3-1416 

LS M S 

= 2:5l cm approx. 
124. The Area of a Circle, 


Endet oy regular curves are, in general, ae 
, eXce. 3d 
matics. The Problem Of Sh dnethods ate 


1ng the area of a circle is no 
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exception to this. It was one of the most famous of 
geometrical problems for centuries, but was never solved 
satisfactorily until modern mathematics found means of 
obtaining the area of any figure bounded by a regular curve. 
This method is beyond the scope of the present volume. 

As was the case with the circumference, however, there 
are methods by which the area can be determined ap- 
proximately, and one of these is given below. 

In the circle drawn in Fig. 122, AB, BC, CD . . . are 


NS. 
B~ 


Fic. 122. 


the sides of a regular polygon inscribed in the circle; centre 

e and radius v. The arcs corresponding to these sides are 

poe The angular points A, B, C . . . are joined to the 
B thus forming a series of equal isosceles triangles, 
(B, OBC, OCD . .". (§ 106). 

to 2 res one of these As, OAB, draw OP perpendicular 

in This is the altitude or height of the triangle, and 
each triangle there is a corresponding equal altitude. 


Let OP =h. 
Then area of AOAB = 1AB x h 
and area of AOBC = 3BC X h, 
area of AOCD = 3CD x h. 
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Similarly for all s 
he polygon, 
Taking the sum of these areas 
^0A4B + AOBC AOCD +... 
OAB + JU I y xn (A) 
= 2(perimeter of polygon) x 
. Suppose the number 


ides of 
uch As corresponding to other sid 


comes 
(1) The sum of the sides of the polygon be 
approximately e 


, by 
ferences may be made as small as we choose 
Continuing to increase the number of sides. 
But result A Ontinues to be true. imately, 
“ Ultimately, it ma be argued that, approxima 
Area of circle — 2 (circumference) xr. 
But Circumference = nr. 


++ area of circle — È X 2nr x r, 
or 


above c 


Area = q2. f the 
„This formula May also be expressed in terms 0 
lameter, 
If 
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125. Area of a Sector of a Circle. 


i As in the case of the length of an arc, the area of a sector 
is proportional to the angle subtended at the centre by the 
arc. 


if x? = angle of the sector, 


x? 
Area of sector — 360° X amr, 


Exercise 13 


1. In a circle of 5-cm radius, find the lengths of: 


(a) the circumference; 
(b) the arc of a quadrant; 
(c) an arc subtending an angle of 60°; 
(d) an arc subtending an angle of 45° (x = 31416). 
2. A circle of radius 4 cm passes through the vertices of 
an equilateral triangle. Find the lengths of each of the 
arcs opposite to the sides. 
Fin; The diameter of the halfpenny was exactly one inch. 
ind (1) the length of its circumference, (2) its area 
(= = 3-1416) 
ana noe of radius 5 cm find the lengths of the es 
110°, 1259. end at the centre the following angles: 30", 
"s Through what distance does a point at the end of the 
uis hand of a clock, 3-7 cm long, move between five 
Pg: past three and a quarter to four. 
end A pendulum, consisting of a small leaden bob, at the 
of NS a piece of cotton 43 m long, swings 25? on each side 
by 4 € vertical. What is the length of the path traced out 
i he bob on a single swing (x = 72)? i 
ares Find the length of the circumference of a circle the 
ea of which is the same as that of a square of 3 cm side. 
by t It was required that the area of the ground covered 
ui he circular base of a tent should be 100 m*. What 
ust be the diameter of the base? ; 
Wh: A wire 15 cm long is bent round to form a circle. 
at is the area of the circle? 
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10. Find the areas of the following sectors: 


(a) Radius 3 cm, angle of sector 60°: 
(b) Radius 2.8 cm, angle of sector 25°; 
(c) Radius 9 cm, angle of sector 140°; 
(4) Radius 2.9 cm, angle of sector 240°, 


CHAPTER 17 


CHORDS AND SEGMENTS 
126. Chord and Segment. 


A chord of a circle has been defined in $121. It may 
also be described thus: d ich lies 
If a straight line cuts a circle, that part ey whiten Ms 
Within the circle is called a chord of the cir im Um 
A chord divides a circle into two parts, which ar 
Segments, : ; a 
ih Fig 123 the chord AB divides the circle into the two 
Segments APB, AQB. Unless the 
Chord is a diameter one of the seg- 
ments is greater than a semi-circle, 
and is called a major segment as 
AQB in Fig. 123. V 
The other is less than a semicircle 
and is called a minor segment, as 
APB, 


B 
WW 
The arcs corresponding may be YY A 
describ P 


ed as major and minor arcs. 


, The following theorems concern- Segment 
mg chords are of considerable im- Fic. 123. 
Portance, 


i of 
127, Theorem. The perpendicular bisector 
a chord of a circle passes through the centre 


s i tre 
In Fig. 194 AB isa chord of the circle a Dis the cen 
9f the chord and PQ is perpendicular to AB. 


hrough 

en it is required to prove that PQ must pass throug! 

the centre O. , — at AB 
roof. PQ being the perpendicular. de ctm A and 

It must be the locus of all points equidista: 

B ($113). 


I5I 


152 


But 
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OA = OB since O is the centre. 
O must lie on PQ. 


128. To find the distance of a chord from the centre of a 
circle. 


In the circle ABC (Fig. 125) 
ngth. 


AB is a chord of known 
le 


P 


Fic. 194, 


Fic. 125. 


From the centre 0 draw OP perpendicular to AB. 
The length of OP is the d 


(OF 
istance of the chord AB from 
To find the length of Op, 

Join 0A, op. 

^0AB is isosceles, 


vcpendicular OP bisects the base AB (§ 62 cor. 3). 
In AOPB, 
OP? +. PB? — ope (Pyth 


agoras). 
<. OP? = OB? pps e s e 
Whence OP can be found, 

Employing algebraic symbols, 
Le 21 = length of chord. 
Then l = length of Pp. 
Let h = OP: 

? = radius of circle. 
Substituting in (A) (B) 

bP + qm ya A EC E. 


k= »—[ 


h e Vr- 
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129. Results (A) and (B) above lead directly to the 
following theorems. 


; ; i- 
Theorem. Equal chords in a circle are equ 
distant from the centre. 


] 
In the circle ABC (Fig. 126), AB and DE are equa 
chords. 


e, OP 
Required to prove: The distances from the centr 
and OQ, are equal. 


From (A) in § 128 
OP? + PB? = OB? 
or from (B) in $198 
k+ e= i 
(using the same letters as in $ 128). 


PB or Lis fixed, and OB or r is fixed. "ws 
or h mee js fixed, wherever the equal S 
i.e., OP = OQ and the two chords are equ 


Now 
drawn, 
Tom O. zi 
The Converse theorem is obviously true, viz.: 


d s e uj- 
Theorem, Chords of a circle which are eq 
Stant from the centre are equal. 


13 


llowing 
the 0. From Results (A) and (B) of § 128 the fo 


Orem is readily deduced. 
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Theorem. The greater of two chords in a circle 
is nearer to the centre than the lesser. 


In the circle ABC (Fig. 127) the chord DE is greater 
than AB. OQ and OP are the corresponding distances from 
the centre, 


Required to prove: 
Proof. As before, 


OP + PRU Be. . . , (A 
or BP4Pup, (B) 


In this result y remains the same for all chords. 


OP > 09. 


Fic, 127, Fic. 128. 


Ome : " " ML amd and 
; M equation (B), if 1 be increased, / will diminish, 
Vice versa 


<. for the chords 4B and DE, 
since QD > PB 
l ^ 00 < OP, 
t.e., DE is Nearer to the centre than AB. ning t? 
the i Of this also follows from similar reaso 
131. Construction No. Il. 
To find the ce 


ABCD (Fig. | 
the ad sum) 


ntre of a given circle. dto 
is a circle of which it is require 
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BandCD. . 
Construction. Draw any two ver ha c Ree 
Draw the veu es ae o 
OP and 00, intersecting at D. " 
O is aha: centre of the circle. 


hrough 
Proof. The perpendicular bisector of AB passes throug 
| h the 
"uS the Sahel bisector of CD passes throug’ 

i must be 
wi point which is common to both, viz., O 
the centre, 


Exercise 14 


s : far from 
l. The diameter of à circle is 5 cm long. How fa 
€ centre is a chord which is 4 cm rn is 3 cm from the 
2. A chord of a circle is 8 cm esie È ten 
centre. What is the length of The drami chord is drawn 
3. Ina circle whose radius is 13 a $us chord. 
5 cm from the centre. Find the length o Nel chords of a 
4. Find the distance between two es The radius of 
Circle which are 24 cm and 10 cm in length. [0) 
i i 3 i tre Q. 
irs eer on the circumference of a E je joins d. 
Two equal chords AB and AC are Fri 
Prove that 04 bisects the angle BAC. mierences of two 
6. A straight line cuts across the Gp rd eo loried of 
Concentric circles ($21). XY is the c i smaller circle. 
© larger circle, and AB is the chord of the 
Prove that X Y. 


In a circle of r 


th 
adius 5 cm a number of chords of leng 
6 cm 


epoxy eere 
are drawn. Find the locus of their mid po S Sho 
: AB and XY, are parallel chords in a c Ww 
that the 


arc AX equals the arc BY. its centre. 
9. Draw a inde round a penny and find i 
Measure its diameter. 


w ide. Draw the 
ircu 2 an equilateral triangle of 5 cm side 
“cumseribj 


i ius. 
ng circle and measure its radiu 
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ANGLES IN SEGMENTS 
132. Angle in a Segment. 


ein Fig, 129: 
On the arc of the major ore = puli as dea ts in 
i i d joined to A and B, = 
eee hide chord of the segment m 
i ference. the 
cr angle ACB is ale) 
angle in the segment. It i 


e 
1S 


The angle ACB is 4 
circumference by t jes 
called the angle Subt 4 these anÉ 

here is a very important relation between 
which is expressed 


:rcle 

circ 
€ angle which an arc He sub- 
e centre is twice t 


aa art 
oint on the remaining P 
the circumference. nin the 
O lies withi? je 
There are two Cases: (1) If the centre Q hout the 4 
angle App (as Fig. 130) and (2) if O lies wit 
as Fig. 13]. 
Construction, 


i” 
duce 
In each case join PO and pro 
meet the circumf 


erence again in Q, 
156 


ANGLES IN SEGMENTS 
Proof. |st case. 
In AOAP, OA — OP. 
"^" ZOAP = ZOPA. 
P 


157 


Q 


Fic. 130. Fic. 131. 


But exterior / A0Q = sum of interior Zs 0AP, OPA ($60). 
2. = £A0Q = twice ZOPA. 
Similarly from the AOBP. 
ZBOQ = twice ZOPB. 
4A0Q + ZBOQ = twice (ZOPA + ZOPB), 
ZAOB = twice ZAPB. 
2nd case (Fig. 131). 


f.e. 


, 


With the same reasoning as above: 


ZQOB = twice ZQPB, 
e ZQOA = twice ZOPA. A e Se 
ubtracting / AOB = twice ZAPB. 


ads d Case arises when the angle 
angle San obtuse angle, i.e. it is an 
s I1 à minor segment and stands 
Centre uid arc. The angle at the 
: AOB, is now a reflex angle. 
€ proof 


is simi i Fic. 132. 
Q oining p S similar to the foregoing. 1G 


x to O and producing to 

itis proved, as heute. Whats 
and £A0Q = twice ZAPQ 
adding, ZBOQ = twice ZBPQ, 


reflex ZAOB = twice ZAPB. 
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134. Angles in the Same Segment. 


In defining an “ angle in a segment ” (§ 132) it was stated 
“any point C is taken". The observant student will 
probably have wondered that the term “ the angle in the 
segment " should be employed, since there is no limit to 
the number of points that may be taken and so no limit to 
the number of angles. In Fig. 133 three points C, D, E 
are taken and three Corresponding angles formed. But 
Since, as proved in § 133, the angle at the centre AOB is 


er 


double any angle in the Segment, because any angle p 
axen in the proof, it follows that all the angles in fact 
Segment must be equal. This striking and important 
orem, as follows: 

a 
Theorem, Angles in the same segment of 


circle are equal. 


š i i T 
135. A special case of this theorem is contained in 
following theorem, 


ight 
Theorem, The angle in a semi-circle is a righ 
angle, 


P je 
a this case the Segment is a semi-circle, and [e afe 
a- the angles in the semi-circle are equal. That t centre 
Tight angles follows from the fact that the angle at the 
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in this case, AOB, Fig. 134, is a “ straight” angle, i.e., 
equal to two right angles. 


Hence, the angle ACB, being a half of this, is a right angle. 
This theorem can also be proved very simply as follows: 


Then “@4=0C  - Z0AC= ZOCA 
also OB —0C. < ZOBC = ZOCB. 
— ZOAC + ZOBC = Z ACB. 


But since the sum of the angles of a triangle is two right 
angles, 


ZACB must be a right angle. 


This theorem should be compared with the explanation 
an angle in a segment ” (§ 132). 


Note, — 
op“ 


136. Quadrilateral inscribed in a circle. The following 

SY important theorem also is easily proved by the 
corem of 8 133. 

orem. The sum of the opposite angles of a 


igne lateral inscribed in a circle is equal to two 
angles, i.e., the opposite angles are supple- 
mentary. , PP 8 PP 


In Fig, 135, ABCD isa quadrilateral inscribed in a circle. 


B 
A 
D 


L 


o 


Then Fic. 135. 
and £A + ZC = 2 right Zs 
Proof š 2B + £D = 9 right nn 
s Join O to p and p " 
and Zz ui 
reflex Roni ) 2 LBCD, (§ 133 
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^ EBOD + reflex ZBOD = twice | c A , 
t $ BOD(y^) — 4 rig 1 : 
pa SA lie 5t — two right angles. 
Similarly by joining O to A and C it may be shown 
£B + ZD = 2 right angles. 


Exercise |5 


l. In a circle of 6 cm ra 
contains an angle of 40°, 


t of a 
- On a straight line 2 cm long describe a segmen 
circle which s} 


o is the 
hall contain an angle of 60°. What i 
length of the radius of the circle? 


The 
A triangle ABC is inscribed in a circle, pep the 
£A0B = 905, 4oc — 120°. Find the angle 
triangle, 


hich 
dius cut off a segment w 


right- 
4. On a Straight line AB, 6 cm long, sconce p of 
angled triangle of which AB is the hypotenuse 

the other Sides is 9.4 cm. 


iangle the 
tact a circle of 3 cm radius inscribe a triang 
angles of which are 60°, 40°, 80°, base and A 
6. Two triangles ABC. 4BD are on the same ngles at thé 
the same side of it. In the first triangle the a je 50° a? 
ase are 64° and 58°, and in the second triang E is 
7, Blow that A,B D.C ewe Second ight line DE f 
s is an isosceles triangle and a d sides 1? 
drawn parallel to the base, cutting the hus BC 
|» + [Ove that B; C, D, E lie ona pre le AD and 
8. AB and Cp are parallel chords of a circ in à 
intersect at O. Prove that OC = OD. "P inscribed 55e, 
.9. ABCD isa cyclic quadrilateral, i.e., It ZBPC = 
circle, and its diagonals intersect at P. EE 
C= 40° and Z4DB — 30°, Find 
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TANGENTS TO A CIRCLE 


137. Meaning of a Tangent. 


In Fig. 136, the circle ABC, centre O, is cut by the chord 
AB. OP is the perpendicular bisector of the chord. Sup- 


T' 
Fic. 136. 


pose the chord AB to rotate in a clockwise direction about 
4 as a centre of rotation. 

_As it rotates the point of intersection B moves round the 
circumference to a second position B, and thus is a shorter 
distance from A. f 

as the same time the perpendicular bisector OP rotates, 
the point P also approaching A. 

ru the rotation Porras ihe points P and B approach 
closer and closer to A as shown in the positions Ba, Bs. ‘ 

Ultimately the point B will move to lal wit 
Then the straight line AB no longer cuts on pee 
ference in two points. These points coincide an now 
touches the circle without cutting it, taking up the position 
TAT} 
161 
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i i le at one point 
A straight line which thus meets the circ it 
but, being produced in either m does not meet 
again, is called a tangent to the circle. . hich 
"s this final position P also coincides with A, and o DU 
has throughout been Perpendicular to AB, is n 
endicular to AT, the tangent. . T 
P These conclusions can be embodied in the pue i 
(I) A tangent is perpendicular to the ra 


R with 
drawn to the point of contact of the tangent 
the circumference. 


ight 
(2) A straight line which is drawn at rig 


ing the 
138. The above Tesults suggest the method of solving 
following Construction, 


Construction No. 12, 


3 n the 
To draw a tangent to a circle at a point s 
circumference 


t to the 
_In Fig. 137 it is Tequired to draw at P a tangen 
&lven circle, centre 0. 


P 


Fic. 137. 
Join op. ; OP. 
At P draw a straight line XY, perpendicular to © XY 
Then by th 


ight line 
. © conclusions of 8137 the straigh 
1S à tangent to the circle, 
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139. Theorem. The tangents at the extremities 
of a chord of a circle are equal. 


In Fig. 138 PQ is a chord of the circle, centre O. 
P 

i j 
Q 
Fic. 138. 
Join P ana Q tod, 
At P and Q draw perpendiculars to the rad 
These must intersect, as they are not parallel. 
Let T be the point of intersection, 
Then PT 


and QT are tangents at the extremities of the 
chord PO. 
Join OT. 


In the right-angled As OPT, OQT: 
(1) OT isa common hypotenuse; 
(2) OP — og. 
<. the As are congruent, (§ 101) 
a Particular Wi — 
2d ZOTP = 70] 


ZTOP = 7 T0Q. 
nt outside a circle: 
(1) Two equal 


tangents can be drawn to the circle. 
(2) The angle between ty 
Straight 


à te tangents is bisected by the 
line which joins their point of intersection to the 

centre 

"s This Straight line also bisects at right angles the 

Chord which joins the points 

Circle, 4 


where they touch the 
(The Proof of this is left to the student.) 
S called the chord of contact of the tangents EP, LO: 


ii OP and OQ. 


Hence, from a poir 


Note — po i 


164 TEACH YOURSELF GEOMETRY 


It may further be noticed that since Ls OPT, OQT uen 
right angles they lie in semi-circles, of which OT is a comm 
diameter. Hence the points O, P, T, Q are cyclic. infi 

This fact enables us to perform the following impor 
construction. 


140. Construction No. 13. 


: int with- 
To draw a tangent to a circle from a point wit 
out the circle. 


: C 
From the point P (Fig. 139) without the circle AB 
(centre O), we require to draw tangents to the circle. 


Fic. 139. 
Construction, 
pr P too. 
Isect OP at Q. 
en OP as diameter construct a circle OAPP, t 
Cutting the given circle at 4 and B. ; ts, 
Join PA, PB. These are the required tangen 
eng two solutions to the problem. | 
Proof. Since OAP, OBP are semicircles. 
-* Ls OAP, OBP are right angles GI 
<. PA and PB are tangents to the circle, 


centre 
ere 


ABC. 
a 
141. Circles which Touch One Another. at 


eet 
; hey ^ 
Two cirdes touch one another WS ou 
Point, but their circumferences do not i 
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There are two possible cases. 


(1) Of external contact, as Fig. 140 (a), the circles 
being outside one another ; 


Q Q 
= 
T 
(a) 


(b) 


Fic. 140. 


(2) Of internal contact, as Fig. 140 (D), one circle 
being inside the other. 


Two facts are evident. 


(a) In each case the circles have a common tangent, 
QPT, at the point of contact. 


(b) The line of centres, AB, or AB produced, must 
Pass through the 


point of contact, 


A 
Since a tangent is 
Perpendicular to the 
Tadius at the point 
of contact. P 
142, Construction No.14. ‘ 
. To inscribe a circle V db 
[e Let ERE 


In a triangle, 
^ ps inscribed circle of B Q 
recti Sle as of any Fic. 141. 
Meal figure is a circle : A Hi 
«d Which ¢ e sides are tangential, £.&., it touches a 
es, 


U POR be the inscribed circle of the AABC (Fig. 141) 
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the method of obtaining the centre O, and the radius, ae 
be deduced from §§ 139 and 140. CP and CQ are tangen 
from an external point C, and .*, OP = OQ. 
<. O must lie on the bisector of the ZPCQ ($139). 
Similarly, O must lie on BO, the bisector of the ZRBQ- 
It must also lie on AO, the bisector of the ZRAP. " 
.. the three bisectors of the angles at A, B and C mus 
be concurrent and OP — 0Q — OR. í 
". if a circle be described with O as centre and one 0 


these as radius it must touch the three sides of the A at 
P, Q and R. 


143. Angles made by a tangent with a chord at the point 
of contact. 


PQ is a tangent to the circle ABC (Fig. 142). From the 
point of contact A, a chord AB is 
drawn dividing the circle into 
two segments, ABC (major seg- 
ment) and ABD (minor segment). 
This chord at the point of con- 
tact makes two angles with the 
tangent, B4Q and BAP. 

When considering the ZBAQ, 
the segment which lies on the 
other side of the chord AB, PS 

e major s i e 
the alternate segment corresponding o oe rh ed 

Similarly, it we ace Considering ihe 7 BAP the alternate 
segment corresponding to it is the minor, 7.e., the segment 
cod following theorem shows an im 
link between either angle and its alter 


Fic, 142. 


Portant connecting 
nate segment, 


144, Theorem. The angles mad 
circle with the tangent at an ex 
equal to the angles in the altern 


€ by a chord of a 
tremity of it are 


tagen one der e ents: 
"ig. 143 PQ is a tangent to the circle f. 
is Eo ied drawn from the point of contact. BD and AB 
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Draw the diameter AOC. 
Join BC. 


Then ZACB is an angle in the alternate segment ACB, 
corresponding to Z BAQ. 


Required to prove : 


(1) ZBAQ = ZACB. 

Note.—It must be remembered that Z ACB is equal to any other 
angle which may be drawn in the segment ACB (Theorem, § 134). 
leg 15 proved for L ACB is also true for any other angle in the 

ent. 


Fic. 143. 


CO 2H + 7 REC = anghbange 
aSo ZBCA + ZBAC = a right angle 


ABC, being the angle in a semi-circle, is a right 
angle). 


(since 7 


Subtracting / BAC from each: 
. ZBAQ = ZBCA. 
(2) Let the point D be taken in the minor segment. 
ZBDA is the angle in the corresponding alternate seg- 
ment to / pAB., 
<. it is required to prove ZPAB n 
— two right angles 
na A T A Cd = a non in. (8 136) 
But ZBAQ was proved equal to ZBCA (Ist part). 
is. ZPAB = ZBDA. 
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Exercise l6 


s : C. 

1. PQ is a straight line which lies without the circle 2 AR 
Show how to draw a tangent to the circle which $ P 

to PQ. How many such tangents can be drawn? ith all 
2. In a circle of radius 3 cm construct a triangle w 


: ‘ les 
its vertices on the circumference and having two of its ang: 
50° and 70°, 


3. The radius of a circle is 3 cm. From a point ine 
from the centre a tangent is drawn to the circle. Fin 
length of this tangent. 4 cm. 

4. The radii of two concentric circles are 3 cm and ne. 
A chord of the outer circle is a tangent to the inner 0 
Find the length of the chord, tres 

5. In a circle of 3 cm radius find the locus of the cen 
of chords of the circle Which are 4 cm long. OB 
6. The angle between two radii of a circle, OA and 02; 
is 100°. From A and B tan 
Find the angle between the 

7. Prove that 
any chord make equal angles with the chord. 

8. Two circles 


fixed straight line at a 
11. Find the locus 


Sides 3 cm, 4 cm and 6 cm 
ribed circle, 


CHAPTER 20 


SIMILAR FIGURES. RATIO IN GEOMETRY 
145. Similar triangles. 


When the conditions under which triangles are con- 
pnt were examined ($47) it was pointed out that 
LANE with all three corresponding angles equal were 
ot necessarily congruent. For this to be the case at least 
l1 orresponding sides must also be equal. 
1g. 144 are three triangles with corresponding angles 


i i a 
pri Ze 


Fic. 144. 


one pair of c 
In F 


equal. The three triangles are of different sizes, but of the 
Same shape. They are copies, one of another, on different 
scales, 
Such triangles are called similar triangles. 
, In Fig. 145 is indicated a method by which a number of 
Similar triangles can readily be drawn. 


[*] 


Fic. 145. 


POQ is any angle and OAB a triangle formed by drawing 
any straight line AB to meet the two arms. From other 
points on OQ, suchas D, F,H .. - draw straight lines DC, 

169 
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FE, HG . . . parallel to AB and intersecting OP as shown, 
thus forming As ODC, OFE, OHG. . . 

The parallel 
cut by the tra 
D,F, 


straight lines AB, CD, EF, GH ... bn. 
nsversal OQ the corresponding angles a 
: + . are equal. 1 
Similarly, the angles at A, C, E, G . . . are equal. ding 
-. As OAB, OCD, OEF,OGH . . . have correspon 
angles equal. 
~. they are similar triangles. ual 
Triangles which thus have corresponding angles eq 
are said to be equiangular to one another. ted 
Hence, the definition of similar triangles may be sta 


thus: Triangles which are equiangular to each other are 


called similar triangles. 
146. Ratios of Lengths. 


In arithmetic we learn that one method of comparing two 
quantities in 


quantities measured in suitable 
his form of comparison is called a ratio. 
eak of the ratio of two straight lines 
he numbers which express the measures 


Square units. 


147. Ratios of the Sides of Similar Triangles, 
Fig. 146 shows a number of similar tri 1 ted 
as in Fig. 145, but the distances OB, BD D$ ki pese 
Since the straight lines AB,CD, EF,GH aye parallel, then 
the lengths of OA, AC, CE, EG are equal (§ 86) " 
". in the similar As OAB, OEF. ` 


OF 3 OE 3 
Dg *98 veo 
OF OE 
OB = OA 


t.e., these sides are proportional. 
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Again, in the similar As OGH, OEF. 
OH 4  ,0G 4 


ap ga apos 
OH OG 
OF OE 


dis. by drawing straight lines EK, CL, AM parallel to 
Q it may be shown that: 


EF OF 83 
AB OB 1 
and GH OH 4 


Fic. 146. 


pairs of the four triangles in the figures. Hence, it is 
Teasonable to conclude from all the above and similar 
results that: 


The corresponding sides of similar triangles are 
in the same ratio, i.e., the sides are proportional. 


For example, in the similar As ABC, DEF in Fig. 144, 
AB. BC AC 
DE EF DF 
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148. Fixed Ratios Connected with Angles. 


(1) The tangent. There is a special case of the in 
conclusions which is of very Pug ee importance. 

Draw any angle as POQ (Fig. 147). d 

Take a dies of points A, C, E, G on one arm OP 00. 
draw AB, CD, EF, GH perpendicular to the other arm 


P 


Q 


Fic. 147. 

These straight lines a: 

Hence the As 

the ratios of corr 
For example, 


Te parallel. r 
OAB, OCD, OEF, OGH are similar, and 
esponding sides are equal. 


4B CD EF GH 

OB 0D-OF Om éh 

No matter how many perpendiculars are drawn, all su 

ratios for this angle, POQ are equal. istances 
With AB,CD, EF,GH as the perpendiculars, the dis ied 

OB, OD, OF, OH can be Spoken of as the distances i 

cepted on the arm OQ. 


En tio 
Hence, for all such Cases it is true to say that the ra 


perpendicular drawn from one arm 


distance intercepted on the other arm 
is constant for the angle POQ. 


The angle chosen was any 
conclusion can be reached fo 
For any angle the r 
awn from any point o 


imilar 
angle, consequently a sim 
r any other angle, 1.2., Te 
atio of the perpendicu 


. ce: 
dr n one arm to the distan 
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from the vertex, intercepted on the other arm, 
I5 constant for the angle. 


This constant ratio is called the tangent of the angle. 
Tangent is usually abbreviated to '' tan”. 
us, in Fig. 147, 


AB CD | EF 
= 5p = Aa = r ete 
"ev asas OF 
: Every angle has its own particular tangent and can be 
identified byit. Tables are constructed giving the tangents 
9f angles between 0 and 90°, so that when the tangent is 
nown, the angle corresponding may be found from the 
tables, and vice-versa. 
For the further treatment of this Trigonometry should 
e consulted, 
,Note.—The term tangent as used above must not be confused 
With the tangent to a circle as defined in Chapter 19. 
(2) The sine and cosine. 
, Two other constant ratios connected with an angle are 
given by taking the ratios of each of the sides, in turn, 
containing th 


! e right angle, to the hypotenuse. 

n Fig. 147 the ratio of the side opposite the angle to 
the YPotenuse is the same for each of the triangles formed. 
Clearly 


4B CD EF GH — Side opposite 

04 ~ OC = OF = OG hypotenuse 
ete is called the sine of the angle (abbreviated to 
Sin" 


« 


* AB CD EF 
Thus sin POQ = DA ^ 0C = OE ct 
Also, the ratio of the side adjacent to the angle to the 
hypote 


i nuse is the same for each of the triangles. 
hus 


OB OD OF OH _ side adj acent 
0A ~ OC T OF ^ OG ^ hypotenuse 
This 


constant ratio is called the cosine of the angle, 
abbreviated toi“ cos ^*. 
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OB OD 
Thus cos POQ — DA ^ OC etc. 
It will be noticed that since the hypotenuse is the geste 
side of the triangle, both sine and cosine must be numerically 


less than unity. The tangent, however, may have any 
value. 


149. Other Similar Figures. 


The term “ Similar ", in the sense it is used above, 1S 
not confined to triangles. All rectilineal figures, with the 
same number of sides, may be similar, provided that they 
conform to the necessary conditions stated above for 
triangles, viz.: 


(a) All corresponding angles must be equal. 
(b) Corresponding sides must be proportional. 


In the case of triangles, if (a) is true, (b) must follow, “~ 
we have seen, so that it is sufficient to know that triangle 
are equiangular to one another. But with other pene pr 
figures both conditions must be satisfied, before it can 


G 
^ 
FIG. 148. 


said that they are similar. 
ateral, as w 


sponding sid 


ui- 
; ; If, however, they are icem 
ith equilatera] triangles, the ratios of C 
es are the same a 


i nus 
nd corresponding angles n 
€ equal. : 
Thus all Squares are similar, but rectangles, thous 
€quiangular E 


E rre- 

: » are not similar unless the ratios of co he 
Sponding sides are also equal. Thus, in Fig. 148, ^ 
rectangles A ilar, since the ratios C 
Sides are obviously not equal. But B a" 
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are similar, for the sides of B will be found to be one half 
the Corresponding sides of C. 

. Regular polygons, such as hexagons, pentagons, etc., are 
Similar, but polygons which are not regular may be similar 
only if conditions (a 


) and (b) are satisfied. 
Generally when tw 
are the same: one is 


o figures are similar their “ shapes " 
All drawings and 


a copy of the other on a different scale. 
models, when not full size, are drawn 
a constructed to scale. When thus drawn or constructed 
dy are similar, Angles are copied exactly and the ratio of 
» responding distances is that of the scale employed. If, 

` example, a model is made on a scale of an inch to a 
Yard, lengths i 


c ns in the model will in all cases be #5 of the 
responding length of the original. 

meee appearing on the cinema screen are greatly 
= ns copies of small photographs on the film, all parts 
v de arged in the same ratio. 


The pictures are therefore 
T H 

fronts Picture of the west front of a c 

Same 


Ens T il to a picture of the 
in building which is ten times its size, 
appearance to the 


150, Construction No. 15, 


To: diyi 
? divide a Straight line in a given ratio. 
Example x 


ratio of 3 «5 Divide the straight line AB (Fig. 149) in the 


P 


B 
E 
Fic. 149. 
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; on Con- 
The solution of the problem depends directly up 
struction No. 9, § 87. 


follows. 
First, divide AB into (3 + 2) = 5 equal x as 
From A draw AP at any convenient angi yp tS 
Along AP mark off with dividers 5 equal dis 


: traight 
JoinCB. From the points of division on AC draw s 
lines parallel to CB to meet AB. 
Then AB is divided into 5 equal parts. 
Let DE be the 


ints from 
Straight line joining the 3rd points 
A on AC and AB. 
Let x be the len 


: B. 
&th of each of the equal parts of 4 
Then AE = 3% 
and EB = 9x, 
AE _ 3% 8 
EB ~ 3% = 3 


io of 
3 the straight line AB is divided at E in the ratio 


Note.—In practice it is necessary to draw CB and DE only. 
The method may be generalised thus. 

Let it be required to divi 

AB (Fig. 150) in the ratio m: 


de the straight line 
n 


E B 
Fic. 150, 
rawing AP as before, mark off on it 
didis, ho final one being at C, 6n +. n) 


equal 
Join CB. 
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From the mth point of division on AC, viz., D, draw 
DE parallel to CB 


Then the ratio of AD e 


DC n 
*. the ratio of p = ^ 


: ; d 

. Cerollary, Since ACB is a triangle it may Mida peer 
™ general that, if a straight line be drawn para Bedae 
œ the sides of a triangle, it cuts the other two eer 

® same ratio. See Theorem in § 84, for a specia n 
I5], Areas of Similar Figures. —-— i 
S areas of similar figures are proportional to 
res of corresponding sides. Mist ; 
i.p Simplest example of this principle, and one with 
Which the Student is acquainted, is that of the square. id 
ti f the side of a Square is doubled the area is increase 
Imes, 


If it be increased 3 times the area is increased 9 times. 


ese and similas examples can readily be seen by 
observation of Fig. 90. 


i i i the 
n general, if the side of a square be increased times 
area is increased 12 times. ETSI eee 
indie: the formula for the area of a circle, E 
Indic: te 


S that the area is proportional to the square of the 
us, 


Squa 


Thus, if the radii of two circles are 7, and 7,. 


$ o x 
TA rdc. 
Then ratio of areas — un 
i roof is given 
Area ofa triangle. In Part Ila geometrical Panelas ies 
9! the theorem that “the areas of simlar sides ^ (sea 
Proportional to the squares of corresponding 


heorem 64). 
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Exercise |7 


tin 

l. Ina AABC, PO is drawn parallel to BC see a oe 
AB and AC in P and Q. AB=5 cm and A jemihe ii 
Also, the ratio of AP: PB = 2:3. Find the leng 
AP, PB, AQ, QC. If PQ — 6 cm, find BC. jm 2. LE 

2. OA, OB, OC are the bisectors of the angles From à 
ofa AABC, O being their point of intersection. -o BO in 
point P on AO, PQ is drawn parallel to AB, or pea in R. 
Q. From Q, QR is drawn parallel to BC, meeting illus 
Join PR. Prove that the As ABC and PQR are ur ut O 

3. In a circle two chords AB and CD intersec 


DO /41,— Join 
AD and CB are drawn. Prove an =o: (Hint.—J 
DB.) 


4. Divide a straight line 8 cm long in the ratio 4: t of 
5. Trisect a line which is 10 cmlong. Ifthe perime 
i i i , construct the triangle. i8 
of a triangle is 14 cm and its sides ar 
the ratio of 3: 4: 5. Construct the triangle. — from 
F are similar and the altitudes f the 
r 4 cm respectively. If the area 0 ar 
smaller triangle is 22-5 cm?, find the area of the larg 


8. The area of one Square is twice that of another. Find 
the ratio of their Sides, 


,9. Equilateral triangles are described on the side and 
diagonal of a square. Find the ratio of their areas. 
10. Construct an ang! 


le of 50*. From three points on 
he other arm, Hence, 
the tangent of 50° and 
d : be results, 

11. Using the results o 88101 and 109 find the sine, 
cosine and tangent of (1) 305, (2) 60°, (3) 45°. 


CHAPTER 21 


LE 
A TRIANG 
RELATIONS BETWEEN THE SIDES sil B 

(This chapter may be omitted by beginn 


oras. 
152, Extensions of the Theorem of Pythag E odis 
In Chapter 13 the very important law, OTA ie ciate 
Thee ED hagoras, was established, in of a eek 
i Tello A en t between the sides 
e rela 
angled e now 
extend 


j Not right- 
/ ^6. they are Obtuse- 
angled o Cute-angled tri- 
angles, 


Fi A 15 H $ 
Tight-angle M ABC is a 


triangle, C . s 
s the right angle. Pies M 
enoti he sides in 
the usual” tan hy - pA c, then, by the Theorem of 
p 2 
JMlhagoya s c2 = a2 + b2, 
(1) Obtuse-angle triangles. 
Wit 3$ Centre and CA as radius, describe an arc of a 
Circle the same side as the Tight angle take a point 
ina Join to B an 
le LACR: 
angle 1CB is cle 


arl obtuse and the ^A,BC Obtuse- 
"aa mmnparing the siden of this triangle with those 
Of the ABC it is seen that 


A,B is greater than AB. 
18 by c, then ^1 must be greater than c. 
Se > (a2 4 b? 
179 
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: 2 exceeds 
Let X, represent the amount by which c? ex 


(a? + 02). 
Then 


(2) Acute-angled Triangles. 


eae TE on a a di 


ide of 
On the arc Previously drawn, but on the other het 
AC, take a point A,, so that ZA,CB is an acute ang 


the AA,BC is an 


acute-angled triangle. 


Denoting A,B by c, it is clear that c, is less than c. 
ej < (a? + BY), 
Let X, represent the amount by which it is less. 


Then 


Comparin 
X; and 
A 
c 
B a 
Fic. 152, 


e —ab—x,  . . . (I : 
& I and II it is evident that if the vaes m 
X, can be found, the relations between the side 


the obtuse-angled 2 
acute-angled triangles T 

be definitely establishe z 

In obtaining taes 

values, use will be made 
of some of the methods 
and results of elementary 
algebra. 


(3) The Obtuse-angled 
Triangle. 


To simpli ethod 
an obtuse-angled triangle is dr. nr memerho 


Fig. 152. 
From A draw AD per 
Then AD is the altitude 

is a vertex. 

Then CD is the 


endicular to B 
€ or height of t 


awn separately, as in 


C produced. 
he triangle, when A 


ae Projection of AC on BC Produced (see 
t AD=h and CD = 5. 
Then ou 


(a + p). 
Applying the Theorem of Pythagoras to 
c — (a + p)? +2, 


the AABp, 
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But by Algebra (a-p)? =a? + 2ap + p? (see 
Appendix). 


ss Ota et OD 2+ R2). 
But in AACD aimee 


b? = pet gg. 
Substituting this value for p? + A? in the result above. 
Then =a? + 2ap +b . . . (A) 
Thus, we find, comparing with (I), that 

X, = 2ap. 


(b) Acute-angled triangle. 
In the acute-angled AABC (Fig. 153), AD is the per- 


A 
c b 
B D c 
Fic. 153. 


force from A on BC and DC is the projection of AC 
on BC, 


Using the same letters as before, 


Let h = altitude or height 
$ = projection of AC, i.e. DC. 
Then BD =a — b. 
From AABD, k =e — (a — p)? (8101) 
From AACD, he = bp. (§ 101) 
c& — (a — p)? = b — p? 
and c? = (a — p)? + b? — £2, 
From Algebra 


(a — p)? = a? — 2ap + #? (see Appendix), 
<. Substituting 
c? = (a? — 2ap + p?) + b? — p? 


and c = a? + b? —2ap. - (B) 
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7. from (II), 
X, = 2ap. 
Summarising the results (A) and (B). 
(1) For obtuse-angled triangles (A) 
c? = a? + b 2ap AE 
(2) For acute-angled triangles (B) 
c? = a? + D? — 2ap el; Saat 
Thus (A) and (B) differ only in the sign of the ter 


153. Use of the Formula in Calculations. 


for 
In practice the difficulty in using the above opp 
the evaluation of c is that, in general, neher gehe oun 
of h or p is known, and cannot be determine M dit 
further data. Referring to the conditions under ea 
triangles are fixed, in this case condition (A) for cong derer 
triangles (§ 47), it is seen that in the case under cons 
tion, if two sid 


the 

es are known, it is necessary to know 

included angle as well. la. 
To make use of the known angle in the above formule, 
tefer back to § i ich i 


or tangent. In the above case ( 


S = cos ACB, 
whence 


$ —bcosC. 
Consequently, in formula: (A) and (B) above, p can be 
replaced by b cos C. 
Thus formula (B) becomes 


= a? + b? — 2ab cos C | = o (B) 
It is proved in "P aem that the cosine of an 
btuse angle is equal to — (cosine of its su lement). 
3 i.e. in Fig. 152 cos ACB = — cos ACp PP 
Consequently, in formula (A) on substituting 


= — b cos C, 


8 
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the formula becomes 


c =a? 4+ b? — 2abcosC . . . (A) 


» in both the cases of obtuse- and acute-angled 
es the formula is 


c? = a? + b? — 2ab cos G. 
154, Example, 

: The following example illustr 
1» which the above formula ma 


In Fig 154 ( 
Positions of t 
the shore of c 


E B 
A from C is 5 A 


Thus 
triangl 


ates one of the many ways 
y be employed practically. 


A, Cand B represent the 


miles, 


(Given cos 75° — 0-2588.) Cc 

n practice, distances on i 5 
land jun as AC and BC, Sed. 1 
are readily determined by surveying methods and the angle 
CB is found by a theodolite. When these are known 3 
distance such as AB which is inaccessible for direc 
measurement can be determined by using the above formula. 
„Using the same notation for the sides of the AABC as in 
18. 153, we Substitute in the formula 


c? = a? + b? — 2ab cos C. 
The values a = 4, b = 5, cos C — 0-2588. 
Then C= 4452 9x 4x 5 x 02588 
= 16 + 25 — 40 x 0:2588 

— 30:648 
and € — 5:53 miles (approx.). 


For many developments of this useful formula a book on 
Trigonometry must be studied. 
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155. Area of a Triangle. 
Referring to Fig. 153 it will be seen that 


4 = sin ACB. 


h = b sin ACB. iangle 
Thus, a way is found for finding the altitude den e. 
terms of the given sides and the sine of the inciu le can be 
n $96 it was found that the area of a triang 
expressed in the form 


Area = } (base x height) 


in 


two 
But, again, k is not always known. If, epis can 
sides and the included angle are given the valu 
be found i 


n terms of the sine of the angle, viz. 
h —bsin C. 
Substituting in the formula for the area, 
Area = ła x bsin C, 
or A = lab sin C. 
n : 4 C wher 

Example: Find the area of the triangle AB 0) 
à = 62 cm, b = 7-8 cm and C = 52° (sin 63° — 0-7880). 
Since A = habsinC, 
substituting 4 = $ x 62x 78 x 0-7880 

= 19-1 cm? (approx.). 


Exercise 1g 


1. Write down a formula, similar 


i to that in 8153, for 
e ofa triangle w 


hen the following are 
(a) bier AA. Oke za. 
2. Write down a formula for the area of a triangle similar 
to that of § 155 when the elements of the triangle which 
are given are as in the previous question. 
3. In an acute-angled triangle ABC, find Vis slide prenen 
a = 10, b = 11, cos C = 0:3501. 
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4. In an obtuse-angled triangle ABC, find c when 
a = 4 cm, b = 6 cm, cos C = —0-2501. 9 

5. The sides of a triangle are a — 8 cm, 6 — 9 cm, 
c= 12cm. Find cos C. 

6. Find a when b = 19, c = 26 and cos A = 0-4662. 
; 7. Find the third side of a triangle in which a = 39 cm, 

= 53 cm and sin C = 0-8387. 

8. Find the area of a triangle ABC when AB = 14 cm, 
BC = 11 cm and sin B = 0-9397. 


CHAPTER 22 


SYMMETRY IN GEOMETRY 
156. The Meaning of Symmetry. 


: r in 
What is called “ symmetry " is an essential Dec 
most forms of pictorial design. The architect, in dé ning à 
the facade of à building, the cabinet-maker in Nem use 
cabinet or a chair, the potter planning a vase, all quet or 
of symmetry, under Suitable conditions, in some | ht line 
another. By this is meant generally that if a straig metry 
be drawn down the middle of the design, in which SY M esign 
IS an essential factor, the two parts into which the one 
is divided are alike, Any particular form or shape A on 
Side of the middle line is balanced by the same featur 
the other side, hem. 
Symmetry is a feature of mens faces, or of most of p the 
If an imaginary line be drawn through the centre O the 
forehead and down the centre of the bridge of the nose 1 
two parts of the face on either Side are usually identical. 


157. Symmetry in Geometrical Figures. 

The above examples of Symmetry relate to solid objects 
but a more precise form of Symmetry is to be seen in many 
Beometric figures in 


l er, Such as AB (Fig. 155 (a): 
(2) Similarly an isoscel i 


aight line AD, which bisects 
the vertical angle, and also bisects the base at right 
angles (see § 62). : 
(3) A regular hexagon (Fig. 155 (c)) is symmetrical 
about any diagonal, such as 4B, op about a straight 
186 
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: i f two 
line such as CD which joins the mid-points o 
ite sides. : in Fig. 109, 
"PU den cites is symmetrical, D 
about the major axis AB, or the minor 


A 


p 
B 
D 
(a) (b) eA 


Fic. 155. 


158. An Axis of Symmetry. 


about 
It has been Stated above that there was symmetry 
Certain st: 


i diameter. 
Taight lines, e.g., the circle about any 


H T3 
F j metrical i 
raight line about which a figure is sym 
^. axis of Symmetry. 


ical figures 
A test which may be applied to many Sealed abont an 
as to their Symmetry is that, if they are € coincide. . 
axis of Symmetry, the two parts of the pue curve. This 
the parabola in Fig. 112 is a symmetric it, which is 
So evident from the method of pea ie to those 
Tlefly referred to in $116, and which is BER graphs. 
who have studied the algebraical treatmen will be found 
e ollowing experiment in folding parar 
useful, ight-hand side 
Draw the portion of the curve on the H ap n fold me 
oy (Fig. 112), that is, for positive vam ough a number oF 
Paper exactly along OY. Now prick t "m aper a series $ 
Points on the curve. On openiag out bids correspon cs 
points appears on the other side of OY w The curve drawn 
Ing points to those made on the curve. 


he st 
Called q 


is al. 


188 TEACH YOURSELF GEOMETRY 


through them will be identical with that previously drawn, 

and the whole curve wil] appear as in Fig. 112. _ o 
The inference to be drawn is that to every point on hd 

side of the axis of symmetry there is a corresponding porn 


the other side, Similarly situated and at the same distance 
from the axis of symmeiry. 


159. Symmetry and the Isosceles Triangle. 


The following example in folding illustrates the use m 
may be made of aye rs 

A demonstrating the truth 

certain geometrical theorems. 


a Construct a right-angled id 
Li angle such as ABC (Fig. rae 
č Fold the paper care 
u about AC. 
a Cut out the triangle and tp 
A open it out. De the 
iss eae. will appear, made v í 
v C B tworight-angled As ACP, A are 
Fic. 156, Since the As ACB, A sym- 
3 identical, the AABD AT (2)- 
metrical about AC as an axis of symmetry (§ 15 
Consequently, 
(l) AD = 4 


x AB and the AABD is isosceles. 
(2) AC is the bisector of the vertical angle at A. 


rem, 
T 4C is the Petpendicular bisector of BD (see Theo 


‘ye for a? 

160. A knowledge of symmetry makes it possible ings: 

architect or engineer, when preparing working ds of 4 

to draw half of the figure only, on one side of the e frequently 
metry. The other half, being identical with it, is 


hich i5 
unnecessary, all the details being shown in the half w 
drawn 
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Exercise 19 


l. Which of the following figures are symmetrical? 


What are the axes of symmetry? If there are more than 
one describe them : 


(a) square. (b) rectangle. 
(c) two intersecting (d) a sector of a circle. 
circles. (f) triangle with angles 


(e) trapezium. 45°, 45°, 90°. 

(g) triangle with angles (k) a regular Pentagon. 
^ 30°, 60°, 90° 
*. Construct an irregular rectilineal figure, of five sides 
which is symmetrical. b 

;,,9w many axes of symmetry are there in an equi- 
d triangle? State what they are. j 
the 4:5,* Thombus a symmetrical figure? If so, what is 
€ axis of symmetry ? 


CHAPTER 23 
PARALLEL PLANES 


161. If the outside cover of a match-box be examined 

it will be noted that the top and bottom faces are ace 
plane surfaces or planes which are always the same dista et 
apart, and it is evident that they would never p 
no matter how far they might be extended. Thus, fille 
satisfy a condition similar to that which must be a ces 
by straight lines which are parallel. The planes or surfa 
are said to be parallel. out- 
_ Another example nearer to hand is that of the wo an 
side surfaces of the cover of this book, when it is close tance 
laid on the table, These are everywhere the same dis They 
apart and will not meet if extended in any direction. 
are parallel planes. 


as 
Parallel planes may thus be defined in the same way 
parallel straight lines ded in 
Sinition. Planes which do not meet when exten 
any direction are called parallel planes. this i$ 
All horizontal Planes are parallel (see § 28), but 2 


à er o 
not necessarily true for vertical planes. The corner tjon 


room marks the interse ich 
Y of two vertical fine posite 
meet; but the two OP. oel 


walls are generally p? 
vertical planes. 


162. Planes to whine 
same straight re par 

x perpendicular @ 
allel. d 
In Fig. 157 X and. 
resent two plane $ 29) 
lanes. G^ 

The straight line PQis perpendicular to both planes 
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PARALLEL PLANES TOs 


Then the planes are parallel. 


9 proof is offered for thisstatement, but it may reasonably 
be regarded as self-evident. 


163. Theorem. If two parallel planes are cut by 


another plane, the lines of intersection with 
those planes are parallel. 


Let X and Y (Fig. 158) be two parallel planes. These 


Fic, 158. 


Yan cp» another plane Z which intersects X in AB and 


Required to prove : 
4B and CD are parallel. 


Proo of : 


d If AB and CD are not parallel they will meet if pu. 
Uced. Then the planes which contain them must meet i 
extended. But this is impossible, since they are parallel. 

`^ AB 
Plane Z, 


*. AB and CD are parallel. 


and CD cannot meet and they lie in the same 
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164. Theorem. Ifa straight line meets two parallel 
planes, it makes equal angles with them. 


In Fig. 159 X and Y represent two parallel planes. " 

ABC is a straight line which meets them at B an 
respectively. sd 

From A draw APQ perpendicular to the two planes & 
meeting them in P and Q. 


Fic. 159. 


Join BP, CQ. with 
Then Zs ABP, ACQ are the angles made by ABC 

the two planes (8 30). 
Required to prove ; 


LABP = LACQ 
Proof: X and 
ACQ is a plane which meets the parallel planes 
in BP and CQ respectively. 
-. BP and CQ are parallel (8 163). 
They are cut by the transversal ABC. ual, |e" 


: eq 
". corresponding angles ABP and ACQ are "^ nes. 
the straight line ABC is equally inclined to both P 


CHAPTER 24 


PRISMS 
165. Geometrical Solids. 


t 
With the exception of Chapters 4 and qa dc peel 
figures in one plane, i.e, “ plane figures 1 chapters 
een our main consideration. The next hien solids ”. 
will be entirely concerned with the geometry d “solid ” in 
e meaning which is attached to the wor would isis 
Beometry was discussed in § 2, and the student s 


is quoted 
it now.” The final statement of the paragraph is q 
asa Summary, 


of 


y is 
" A solid body, from the point of view wA een a 
Conceived as a portion of space enclosed an d is called its 
Surfaces and the amount of space so occupied | 
volume.” " t 
The particular kinds of solids to be ap ocio NT 
may be termed “ geometrical solids’, i.e., the su ch as have 
ound, or enclose them, are geometric figures, su 
been considered in previous chapters. 


166. A cross-section of a Solid. 


If the trunk of a tree be sawn through, Lidia ip 
Which is thus exposed is called a ' a agis ot beo 
trunk. In this case the “ cross-section 1 d will be 
regular geometric figure, such as a circle, 
regular in outline. ; ing soap, 

Eu a regular solid, such as a stick pear n 
iS cut through, the cross-section will be a reg 


0 e section 
,& rectangular wooden block is sawn through th 
will be a rectangle. 


ns e i is a common 
The rectangular block considered in $ Bs a cali of 

form of a geometrical solid. Fig. 160 repre 

this type. 
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; E rol 
Its boundary surfaces are a in OR ee tier eg tux 
i allel rectangles. Each o s ich 
Gi araa pendicle to the four planes whic 
A cma des intersect it. Ni é 
D A cross-section is ud Dy o 
shaded rectangle ABCD, whic 
sects four faces. he 
M It is such that the plane a s 
section is perpendicular to eac reacts: 
Fic. 160. four plane surfaces which it inte ee 
It is therefore parallel to the p 
parallel end surfaces indicated by X and Y. 


L7, 


Such a section is called a normal section. 


] end 
Its area will be the Same as that of the panl have 
surfaces. Any section which was not parallel wo 
a greater area, e size 
hen a normal cross-section is always of the sam 
and shape the solid is called a prism. 
Consequently, 


A prism is a solid of uni orm normal cross-section. lled à 

Wher this peti I a rectangle, the solid is Ca 
rectangular prism; when it is te 
a square it is a square prism. 

If all six faces are squares 
of equal size the solid is a cube. 

When all the faces which 
meet intersect at right angles, 
the solid is called a right prism. 

If the faces are not at right Fic. 161. 
angles, as in Fig. 161, the 4 allel 
solid is an oblique Prism. Cross-sections Pes to 
end faces such as X and Y will be similar figur 


: ism by Sq" 
Note.—The student may construct an oblique prism y 


desc 
a 
the two opposite faces of the cover of a match box, 

in § 76. 


to the 
them. 


zing 
e bed 


168. Other Forms of Prisms. regula! 

: n ich 

The normal cross-section of a prism may Vbi A whic 
figure: thus, we may have a triangular p 
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; : le is 
the normal cross-section is a triangle. An examp 
Shown in Fig. 162. Similarly, there may be hexagonal 
prisms, pentagonal prisms, octagonal prisms, etc. 


169. The Cylinder or Circular Prism. 


: i i i the 
When the normal cross-section of a prism is a circle 


Solid is called a cylinder. Fig. 163 represents a cylinder and 
à normal cross-section. 


One end, such as ACB, may be regarded as a base. Its 


E a 


Fic. 162, 


Fic. 163. 


Plane is parallel to that of the other end DFE; all normal 
“Toss-sections are parallel to both. 


Area of the curved surface. 


A cylinder made of paper can be constructed as follows. 
Take a jam tin or s UR is cylindrical, and iu e 
plece of suitable Paper exactly round it until the oppa ie 
edges of the paper meet. The paper then compat 
Cylinder, Tf it be unrolled the paper will be seen to d 
rectangle, one side of which is the same in length as the 
height of the Cylinder, and the other is equal to the circum- 
erence of the Cylinder. It is thus evident that the 


Area of this rec 


tangle is the same as the area of the curved 
Surface of 


the cylinder. Mn. fone 
The Cylinder in the form of the cylindrical pillar 


m h 
Prominent in the construction of many great buildings, suc 
as cathedrals, churches, etc. 


p" 
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170. Area of the whole Surface of a Prism. 


With the exception of the cylinder, the faces and bases 
of prisms are rectilineal figures, the faces being a series 
of rectangles, and the ends regular geometrical nents, 
such as the square, triangle, hexagon, etc. The areas o 
these have been determined in previous chapters. Conse- 
quently, the total area of the surface of a prism is the sum 
of the areas of the faces and ends. 


171. Area of the whole Surface of a Cylinder. 


The total area of the surface of the cylinder is the sum 


of the areas of the two ends together with the area of the 
curved surface. 


In the cylinder Tepresented in Fig. 164 
Let "s — radius of normal 


-'. area of two ends 


2 cross-section. 
^ Cc <=> Rr h = height of cylinder. 
h ?nrh Area of ends. d =e 
i Area of each en = nr 
v 


Rr? Area of curved surface. ha 
Fic. 164, It has been shown above sgle 
this is the area of a recta 
whose adjacent sides are 27r and h. 
« area of curved surface — 2xrh. 
`. total area of surface of cylinder 


is 2nr? + 2rrh 

or 2nr(r + h). 

172. Measurement of Volumes of Prisms. of space 
It was stated above (§ 165) that the amount Ot now 

occupied by a solid is called its volume. We pic 

examine how this volume is measured. is the CU ne 
Unit of Volume, The SI unit of volume I$. of o 


š es 
metre (m3), ie. the volume of a cube with S! 
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metre: (noti 
practise PU that each face has an area of 1 m?). The 
$ 89) there A the cubic centimetre (cm?) As ‘before 
eae is the line ea available, and, in addi- 
ua. » Te i i i i 
to 100 cm? or 0-001 a t B anito pacity, which is 


l 
Es ae of a Prism. 
1g. 1 
8. 165, ABCD represents a rectangle 4 cm by 3 cm. 


Fic. 165. 


Its area j 
8 cubic Pad 2 cm?. On each of these square centimetres, 
are twelve Be pa such as the one which isshaded. There 
angular pris ese cm’s in all and the whole solid is a rect- 
cm and the. whose base is the rectangle ABCD, 4 cm by 
e the height 1 cm. 
base oe of the prism is clear 
fa Su ) x height (1 cm.). 
top of Fees prism of the same dimensions be placed on 
ase, 4 is the two together form a prism with rectangular 
Th cm x 3 cm, and height 2 cm. 
It € volume now = (4 cm x 3 cm) x 2cm = 24 cm. 
i third prism be added, as in Fig. 166, 
he volume of the whole = (4 cm x 3 cm) X 3 cm 
— (area of base) X height. 
any number of layers. 
]uded that 


ly 12 cm?, or area of 


a similar result will follow for 
all cases it may therefore be conc 
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volume of prism — (area of base) x height. 


re an 
In this explanation the lengths of the ae ps the 
exact number of units, but, as was demons be shown 
case of the area of a rectangle (§ 91), the result may 
to be true when the lengths involve fractions. 


Fic. 166 


174. Prism Law of Volume. 


the 
ld when ore 
The above rule can readily be Towa E eis ther’ Dy 
ase is any other rectilineal figure. o 
de 


Noni volu 
uce the rule for the determination of the 
right prism, viz., 


ight. 
Volume of prism = area of base x helg 


a ides, 547 
This is called prism law of volume. to the sides; pris? 
ince a cross-section perpendicular the base, e 
normal section, is identically equal to 
aw can be written thus: x height. 
n 
Volume of prism = area of cross-sectio 


PRISMS 
175. Volume of a Cylinder. 


_ Let AB, Fig. 167, re 
Inscribed in the circle 
depicted. 

, Let ABC 
Inscribed in 
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esent a side of a regular polygon 
PO, which is the base of the cylinder 


D be a lateral 
the cylinder. Un 

en the i wa of sides of the polygon which is the 
ase of the prism is large, the straight 
line 4B will e very nearly equal to an 
arc of the circle, and the volumes of the 
Prism and cylinder will be nearly equal. 
inser © DUmber of sides of the polygon 
inscribed in PO be greatly increased, and 
ot sequently the number of lateral faces 
is luv, Prism similarly increased, the 
oume of the prism will be approxi- 
mately equal to that of the cylinder, 
crea A the number of sides be in- 
i Without limit, we may conclude 


Side of a right prism which is 


B 
Fic. 167, 


Volume of cylinder = volume of prism. 
*. Using the volume law for Prisms (§ 174) 
n Olume of cylinder — area of base x height, I.e., the 
Prism law of volume holds for a cylinder. 
oe ” = radius of base of cylinder. 
DNE T. base or cross-section. 
— height of cylinder. 


Te = area of 
* Volume of cylinder = Tr?h, 


Exercise 20 
l. Fi 


angul nd the volume in cubic metres of a uniform rect- 
Sular eam, 180 m long, the area of whose normal cross- 
cm2, 

9 om rectangular prism is made of metal and is ll cm x 

met * Cm. Find its Weight in grams if a cm3 of the 
Stal weighs 4-18 g. 
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3. A uniform bar, rectangular in cross-section, is 3:8 m 
long, and its cross-section is 2-5 cm?. What is its Volumes 
4. 1 m? of lead is hammered out in order to make - 
square sheet, 0-2 m thick. What is the area of the rhon 
5. It is required to make 1 000 cylindrical drums, de of 
high and 3 m in diameter. What is the total v ke 
tin required, if 10 per cent is wasted in thecutting? (Ta 
x = 3-14.) ia 
6. What volume of jam will be contained by each w^ * 
drums in the previous question when each tin is full? d 
m? of the jam weighs 0-18 kg, what is the weight of 
jam in each drum when it is full? 4m 
7. A cylindrical water drum has a base of diameter Ad it 
ma height is 2m. How many litres of water Wl 
old: 


8. A cylindrical jar is 50 mm high, and it holds 305 mm 
of water. What i 


3 


. ; er m?? i 
10. If the volume of a cylinder be 1-5 m? and its height 
be 3 m, what is the radius of its cross-section? tion 
ll. In a hollow cylinder the circles of the cross-sec cles 
are concentric. If the internal diameters of these yes 
be 2:2 cm and 3-8 cm respectively, and the height be 6: 
find the volume of the hollow interior. 


CHAPTER 25 
PYRAMIDS 


176. Construction of a Pyramid. 
eo Fig. 168, ABCD represents a square with its diagonals 
2: Fr atO. OP is drawn perpendicular to the plane 
ioi . P is any point on this perpendicular and is 
J "um to the points A, B, C, D. 

he result is a solid figure bounded by a square as its 


Fic. 168. Fic. 169. 


base, and four triangles PAB, PBC, PCD, PDA with a 
common vertex P. 

This solid is called a pyramid. OP is a central axis and 
the length of it is the height of the pyramid. . 

A section perpendicular to this axis, such as EFGH, is a 
similar figure to the base, t.e., in this case, a square. 

This is characteristic of all such pyramids. All normal 
cross-sections are similar figures. : 

A paper pyramid may readily be made by drawing a 
square on suitable paper, as ABCD, Fig. 169. On each side 

20I 
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of the square construct isosceles triangles, all of the eps 
height. The figure should then be cut out and the tria hn 
folded about their bases and bent over till their ver d 
P come together. With a little ingenuity a method may 
devised for keeping the slant edges together. 


177. Regular Pyramids. 


: 2 id 

In the previous section we have seen how a seien] 
may be constructed. We now proceed to give a fo 
definition of the solid. 


Pyramid. 


A pyramid is a solid, one of whose faces is a polygon 
(called the base) and the others are triangles having a comm 
vertex. The bases of these are the sides of the polygon. 

The base of a pyramid may be any rectilineal fiuta 
but when all the sides are equal, ż.e., the base is a regula 


(0) (0) 


ENA 
; TAVA d 
Cc 


Fic. 170. Fic. 171, 


olygon, or an equilateral triangle, and the straight line 
ns the vertex to the centre of the base is bopatdnbr 
to the base, it is called a regular pyramid, 

Such pyramids are named after the base, 


s a Thus, the 
pyramid of Fig. 168 is a square pyramid. Tf the bassi DS 
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€quilat : a 
chats oe it is called a triangular pyramid, or a 

Í the es having four faces), see Fig. 171 (a). 

Pyramid. If T a hexagon (Fig. 171 (b)) it is a hexagonal 
ateral trianel e slant sides of a tetrahedron are also equi- 
171 (a) is Pais it is called a regular tetrahedron. Fig. 
Dyramid. ample of this particular form of a triangular 


178. The Cone. 


A cone is a 


Cross. Pyramid such that the base and every normal 


Section is a circle. 


Wh : 
to fhe central axis, OP (Fig. 172 (a)), is perpendicular 
os the solid is called a right cone. 
in the TS be constructed by cutting out a piece of paper 
pe of a sector, such as PABC (Fig. 172 (b)) and 


P B 


A 
2 P 
(a) (b) 
Fic. 172. 


rolling together the radii PA and PC until C coincides with 
4, and PA with PC. 

Thus the arc ABC becomes the circumference of the base 
of the cone and P becomes the vertex. 

When the radius AP and the angle APC are known, the 
length of the arc ABC can be calculated (§ 123). 

Hence, the length of the circumference of the base being 
known, the radius of the base, OA, is found. 

AP is also known. 


~. the height of the cone, OP = / AP? — OA?®. 
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AP is called the slant height of the cone and the angle 
APB is the vertical angle. 


179. Geometry of a Pyramid. 


We next proceed to consider some of the pes 
relations between edges, sides, etc., of a pyramid, debui. 
the conclusions upon the de in 
tion of a pyramid as given 
8177 nem 

Fig. 173 represents a sq REA 
pyramid, ABCD being the squ 
base and O, the intersection SA 
its diagonals, thus being e 
centre of the base. OP ist ý 
axis of the pyramid and repre 
sents the height. From ey 
siderations of symmetry nates 
evidently perpendicular to th 
base 


PA, PB, PC, PD are called 
Fic. 173. slant or lateral edges, and AB, 
BC, CD, DA are base edges. 


The following theorems may now be proved: 


Theorem (I). The slant edges of a regular 
pyramid are equal, i.e., the slant faces are isosceles 
triangles. 


Consider the slant face PBC (Fig. 173). 

Now, OP is perpendicular to the plane of the base. 

.. it is perpendicular to every straight line it meets in 
that plane (see 8 29). 

*. £s POB, POC are right angles, 

Since the diagonals of a square bisect each other 


- OB — OC 
<. PO? + OB? = po» 4 0c3, 
; PB? = pcs 
$.8., * PB-PC 


and the APBC is isosceles. 
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Let Q be the mid-poi i 
t -point of BC. Join OQ. 
Then PỌ is called the slant height of da pyramid. 


Theorem (2). Th i ae 
. l 
penenr e co a pos ra Rape SLEEP s 


In As PQB, POC: 


(1) PB = pc (proved abov 
PUE AMET 
(3) PO is Qe (cons ruction) 


= As PQB, PQC a 

In particular LPQB— ZPQC.- 

si Is perpendicular to BC. 
(Compare § 62.) 


Definition 1 


T : 
pete angle PQO is the angle between the lateral face 
nd the base ABCD (8 30). 


B 
P 4 the use of the above theorems and the Theorem of 


agoras the slant heigh 

> ght and slant edge of a square 

UU may be found when the base and height are known. 
llar relations also hold for other regular pyramids. 


180. Area of the Surface of a Right Pyramid. 


The total surface of any pyramid consists of (1) the area 


E the base together with (2) the sum of the areas of the 
ateral faces. 


(1) Area of the base. The base is a regular recti- 


lineal figure the area of which can be found by using 


rules previously considered. : 
(2) Area of lateral faces. As shown in § 179 the 


lateral faces are equal isosceles triangles. 
In each of these it has been proved that the slant height, 
as PQ in Fig. 173, is the height of the corresponding triangle. 
Considering the APBC, 


Area of A = 4BC x PQ 
= i base edge x slant height. 
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In the same way the areas of other faces may be found. 


4. sum of areas of lateral faces ; 
= 4(sum of sides of base x slant height) 
= (perimeter of base) x (slant height). 


181. Area of the Surface of a Cone. 


f : is 

As with pyramids, the total area of surface of a pog 
the sum of (1) area of circular base and (2) area o 
curved surface. 


To find the area of the curved surface. 


Let QR (Fig. 174) be a side of a regular polygon n 
large number of sides, inscribe he 
the circle which is the base of t 
cone. 
Q and R being joined to P, POR 
may be regarded as one of t : 
lateral faces of a pyramid of whic 
QR is one of the sides of the spe 
Suppose the number of sides O 
the polygon to become very large 
So that QR becomes very smat. 
It will then not differ appreciably 
from the corresponding arc of the 
S surrounding circle. 
Let a perpendicular be drawn from P to the middle of 


Fic. 174. 


The length of this will 
height of the cone. 


Then area of APQR is approximately equal to 
3QR x (slant height of cone). 
4., as in § 180, 
Total area of lateral faces of pyramid equals 
(perimeter of base) x (slant height), 
If the number of sides of the polygon be increased without 


limit ; i 
(1), the perimeter of the base of pyramid is equal to 
the circumference of the base of the cone; 


be very nearly equal to the slant 
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(2) the perpendicular from P to QR is indistinguish- 
able from the slant height of the cone. 
(3) the late 


ral surface of the pyramid is equal to the 
curved surface of the cone. 
«<. Area of curved surface of cone equals 
2 (circum. of base) x (slant height). 
Let r = radius of base. 
l = slant height. 


h = height. 
Then l= VF k. 
Area of curved surface of cone = 4 (27r x 1) 
= ri 
= m 
+. total surface of cone = mr? + vrl 
== ver(r + I) 
= arr + vr). 
182, Volume of a Pyramid. 
ce represents a cube and its diagonals AF, BG, 


are drawn intersecting at O. 


Wo, 


5 
A 
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ese 
Symmetry suggests that they are concurrent. 2 o 
diagonals form the slant edges of six pyramids, he cube 
which has its vertex at O, and one of the faces ae pase 
as a base, as for example the pyramid OABEH. dges are 
of this pyramid is the face ABEH, and the slant edg 
OA, OB, OE, OH. ; Their 
The six pyramids are clearly all equal in vult per 
bases being equal and the height of each being of the 
pendicular (not shown) drawn from O to the wp n of à 
base; the length of this is half that of the si 
Square. me 
<’. the volume of each pyramid is one-sixth of the e o 
of the whole cube. Thus, it is one-third of the vo d jsa 
half the cube, i.e., of the rectangular prism whose ra the 
face of the cube, such as ABEH, and whose height !5 
same as that of the pyramid. i 
Thus, the volume each pyramid is one-third of a prism 
of the same base and the same height, 


i.e. volume of pyramid = 4(area of base) x height- 


a i are 
We have been dealing with a particular case of a squ 


pyramid, but the rule can be shown to hold for anY 
pyramid. 


183. Volume of a Cone. 


By employing the method demonstrated in $181 si 
finding the curved surface of a cone, it can be shown tha 
the rule for the volume of a cone is the same as the corre- 
sponding one for pyramids. 

.. the rule is 
volume of cone 


— j volume of a cylinder with equal base and height. 

Fig. 176 represents a cone, PABC € 
EABCD, on the same base and having the same height 
OP, O being the centre of the base. 

ABCDE may be described as the circ 
of the cone. x 7 : 

Thus, the vol. of a cone is one-third that of the circum- 
scribing cylinder. 


» and a cylinder, 


umscribing cylinder 


PYRAMIDS "s 
Let 


7 — radius of base 

v h = height of cone. 

olume of circumscribing cylinder = xph. 
-. Volume of cone = iur?h. 

E Frustum of 2 Pyramid or Cone. 


iles th i i Zi ction 
Parallel to epas a cone in which DE is a se 


ce 
[e] 
z 
i 
E 
Š 


B 
Fic. 177. 


Fig. 176. 


in n the part of the cone above this be removed the remain- 
Solid DABCE is called a frustum of the cone. - a 
th "milarly, in Fig. 169, if that part of the pyramid above 
of thection EFGH be removed the remainder is a frustum 
© Pyramid. So with other ramids. : 
b he volume of a frustum can HE hbtained as the HiBsrenine 
Stween the volume of the complete solid and the par 
moved, 


he top part of a funnel is an example of a frustum in 
everyday life. Among many other examples are a bucket, 
a flower-pot and many lamp-shades. 
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Exercise 21 


1. A pyramid 12 m high stands on a square base of 6-m 
side. Find (a) its volume, (b) its total surface area. id 
2. Find the volume of a hexagonal pyramid, each side 
ot the hexagon being 1-5 m, and the height of the pyram! 
m 


3. Find (a) the total surface area, and (b) the volume, 
of a cone of height 9 mm and radius of base 4:5 mm. 4 

4. The area of the curved surface of a cone is 22:4 t 
and the slant height is 8 m. Find the area of the base 0 
the cone. 

5. Find the volume of the pyramid of Fig. 173 when 

(1) AB = 32m, OP = 51 m. 
(2) OQ = 11-7 cm, OP = 10:8 cm. 

6. A conical tent is to be constructed to house 10 men, 
each of whom must have not less than 20 m? of air. If the 
height of the tent is to be 3 m, what must be the diameter 
of the base? 

7. À pyramid in Egypt is 450 m high and has a square 
base of side approximately 746 m. Find (1) the slant 
edge, (2) the slant height, (3) the volume. 

8. Each of the sides of the base of a regular hexagonal 
pyramid is 2 m long, and the he'ght of the pyramid is 
455 m. Find, (1) the slant height, (2) the total surface 
area of the pyramid. 

9. A cylindrical column 4 m in diameter and 6 m high 
is surmounted by a cone of the same width and 3 m high. 
Find the area of sheet metal required to cover the whole 
lateral surface. 

10. In a cone whose vertical angle is 60?, two parallel 
sections are drawn perpendicular to the axis and at distances 
of 3 m and 5 m from the vertex. Find (2) the area of the 
curved surface, (5) the volume of the frustum so formed. 

11. In a square pyramid of base 4 cm side and height 
6 cm, a section parallel to the base is made half way between 
the base and the vertex. Find the area of the surface of 
the frustum thus cut off. Find also its volume, 


CHAPTER 26 


SOLIDS or REVOLUTION 
e The Cylinder, 
ft i 
edge EON of this book, or a door, be rotated about one 
| 1S fixed, every point on the edge which rotates 
of which’ 1^ Space, a circle or an arc of a circle, the centre 
Points on 1S on the fixed edge. Since all 


Space, O; 
complet: 


generally, in Fig. 178, 
OPE represents a rectangle with one side Fic. 178. 

xed. . This rectangle rotates round OP 
3 àn axis of rotation. 
Circle and all such 
area, 


Every point on AB describes a 
circles, having equal radii, are equal in 
onsequently a cylinder is marked out in space. 
A solid which Is thus described by the rotation of a line 
9r figure about a fixed axis is called a solid of revolution. 
The fixed straight line, OP in Fig. 178, about which the 
Totation takes place is called the axis of rotation. 
A straight line which thus rotates (as AB in Fig. 178) 
is called a generating line. 


186. The Cone as a Solid of Revolution. 


Take a set square, preferably the 90°, 60°, 30° one, and 
stand it vertically upright with the shortest side on a piece 
of paper. Holding it firmly upright by the vertex, rotate 
it round the other side containing the right angle, z.e., the 
side opposite to 60°. If this be represented by AOPA in 


21Y 
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Fig. 179 it will be seen that as this rotates about OP as z 
axis of rotation, A, in a complete revolution, will describe 
the circumference of a circle ABC. Every point on P. 
will also describe a circle with its centre 
on OP. Consequently in a comp er 
rotation a cone will be marked out, ! 
space; OP, the axis of rotation, W1 
be the central axis of the cone, ri 
ABC will be its base. The line AF, 
i.e., the hypotenuse, is the generating 
line. 

As an additional illustration, let the 
pencil of a compass be extended, s 

Beige that the arm which holds it is a cid 
"ode than theother. If the pointed en 
fixed, as usual, into a horizontal piece of paper, and the arm 
held vertically, the two arms will form two sides of a triangle, 
Such as OP and PA in AOPA (Fig. 179). On rotating the 
Compass, as usual keeping OP vertical, the pencil arm W1 
Sweep out a cone, as in the previous experiment. 

In both cases the generating line, AP, always makes the 
same angle with OP. In the case of the set square this 
angle is 30°. 

As a practical example, the arm of a crane, when trans- 
ferring a suspended load from one point to another, rotating 
about a fixed position on the base, marks out a cone in 
space. This time the cone is upside down compared with 
the previous examples. It will be as AOA' in Fig. 180. 


187. The Double Cone. 


A general treatment of this aspect of the formation of 
a cone as a solid of revolution is as follows. : 

i In ue 180 let PQ be a fixed straight line of indefinite 
ength. 

Let AB be another straight line, also of indefinite length, 
intersecting PQ at O and making with it the angle AOQ. 
Now, suppose AB to rotate in space around PQ, so that it 
continues to intersect it at O and the angle AOQ remains 
constant for any position of AB. Any points on AB such 
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as C and D will trace out in space circumferences of circles 
as AB rotates about PQ. 

fter half a complete rotation AB will be once more in 
the plane from which it started 
in the position A'B’. C and D 
val beat C’ and D' respectively 

nd every point on AB will have 
marked out a semicircle. 
à Continuing the rotation, AB, 
er another half rotation, will 
ug paok in its original position 
b È plane. C and D will be 
nt to their original positions 
ah M have described circles 
e CC' and DD' as diameters, 
€ planes of which will be per- 
Pendicular to PQ, 

All points on AB will thus de- 
Scribe circles and the complete 
Solid so formed will be a double 
cone with a common apex at O. 
. The cones as described are of P 
indefinite size, since the straight Fic. 180. 
lines AB and PQ are of un- 

mited length, but cones of definite magnitude are marked out 
When a distance on AB is fixed, suchasCOD. The glass often 
used when eggs are boiled is an example of a double cone. 


188. The Sphere. 


The two diameters AB, PQ of the circle APBQ (Fig. 181) 
are perpendicular to one another, O being the centre. 

Let this circle rotate completely in space round AB as 
an axis of rotation. 

In a half rotation P will rotate to the position of Q, and 
any point C to C'. Continuing the rotation P and C will 
return to their original positions and the completely 
enclosed solid, known as a ball or sphere, will have been 
generated. Any point on the circumference ACPB will 
describe a circle whose plane is perpendicular to AB. 

*. any section perpendicular to AB is a circle. 
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r 
Similarly the circle could be rotated about any je 
diameter. The same sphere would be formed and ob is 2 
of these every section perpendicular to the diamete 
circle, 
It may therefore be concluded that, 


Any section of a sphere is a circle. hth 
Great circles. A section which passes throug alled 
centre of a sphere is € 

a great circle. 

e hus, in Fig. 181 d 
and ADB are great circ a 

The radius of a great eve 
is always equal to that 0 
Sphere. 

Small circles. iH 
sections of a sphere alek 
are not great circles Fig. 
called small circles. In s. 
B 181, CEC' is an apis 

Fic. 181 The radius of a small c! f 
NO i hat 0 
is always less than t tion 
the sphere and varies according to the distance of the sec 
from the centre of the sphere. 


189. The Earth as a Sphere. 


The earth is approximately a sphere, rotating completely 
on an axis every twenty-four hours. It is not an exac 
sphere, being slightly flattened at the ends of its axis ° 
rotation. These ends are termed the North and South 
Poles (see § 32). 

Fig. 182 represents the earth as a sphere, centre O, NOS 
being the axis of rotation. 

.. N represents the North Pole and S the South Pole. 

The circle EABW Tepresents a great circle, perpendicular 
to NS and halfway between N and S. It is known as 
the equator. 

ON and OS represent the north and south directions 
from O (see $32) and OE and OW represent the east and 
west directions. 


All other 
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‘ CGHF is a small circle perpendicular to the axis and 
erefore parallel to the plane of the equator. 
NGBS and NHAS are great circles passing through the 


Fic. 182. 


Poles and therefore perpendicular to the planes of the 
equator and of the small circle CGHF. 


190. Determination of Position on the Earth's Surface. 


_ The position of a point such as G, on the earth’s surface, 
is clearly determined by the intersection of the great circle, 
NGBS, and the small circle, CGHF. If these are known 
the position of G is known. The problem is, how are these 
circles to be identified, on a map or chart ? 


(1) Latitude. The quadrant arc NGB subtends a right 
angle, NOB, at the centre of the sphere. As stated in § 22, 
this can be divided into 90 degrees. Corresponding to 
each degree on it small circles may be drawn in planes 
parallel to the equator. 

These small circles are called circles of latitude. 

Since an arc of a circle is proportional to the angle which 
it subtends at the centre of the circle (§ 120), if the angle 
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:, BG is 
BOG can be determined the number of degrees in P the 
known, and the circle of latitude is known. int on the 
angle BOG be 55°, then the latitude of every po 2 
small circle CGHF is 55°, north of the dd to be 55 
If therefore the latitude of a ship is foun along the 
north, we know that the ship lies somewhere 
small circle CGHF. i ined if it be 
Just where it is along this circle is derenn itisals? 
known on which of the great circles, such as NGI "section- 
placed. This will be investigated in the following 


; h the 
2 Longitude. The great circles passing chr ireles of 
oles and perpendicular to the equator are 
ongitude or Meridians. 


: tor 15 
For the purpose of identification, the semi eqn corre- 
divided into 180 degrees, and there is a Meridi 
sponding to each degree. as is the 
here is no meridian which is fixed naturally, universal 
equator from which we may start reckoning. By n whic 
agreement, however, the great circle or meri oM zero 
passes through Greenwich has been adopted as it. Ib 
circle, and longitude is measured east or west zi is the 
for example, in Fig. 182, the great circle NHA the arc 
Meridian of Greenwich and the angle subtended by. cat 
AB is 15°, then the longitude of G is 15° west, 4l to the 
angle GKH which measures the arc GH is equa. n the 
angle BOA, each of these being the angle betwee 
planes of the two circles (8 27). itude 
Consequently, the position of G is 55? north lat ition 
and 15° longitude west of Greenwich. Thus the pos! 
of G on a chart can be fixed. ate 
As the distances involved are very great, for accur 
measurements, each degree is divided lito 60 minutes an 
each minute into 60 seconds as in $22. 


The actual determination of the latitude and longitude 
lies beyond the scope of this book. 


191. Distances Measured on a Sphere, 


it is required to determine the distance between 
Tte adu B god G in Fig. 182. A ship sailing on the 
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Sea between them could do so by a variety of paths. The 
shortest distance between them, Rosie Min length 
eee n. peewean them on the great circle which Passes 
di £^ them. In Fig. 182 the arc GB is the shortest 
Istance between B and G. 
nahe great circle, in this matter, corresponds to the straight 
Joining points on a plane (see $6, Fig. 4). 
ác the E an important matter for the navigator, whether 
douce or in the air. Before the distance BG can be 
circle NGBs'* must clearly know the length of the great 
diameter į i This is the circumference of a circle whose 
of §§ 199 S that of the earth itself. We may use the rule 
and 123, and thus find the arc BG. 
192. Surface and 


Th Volume of a Sphere. 
and dene v by which formule are found for the surface 
e o : 
mathematics th. à Sphere require a greater knowledge of 


f an is assumed in this volume. 
© lormule are therefore offered without proof. 


(1) Area of surface of a sphere. 

7 = radius of sphere. 
area of surface = 4rr?. 
(2) Volume of a sphere. 

Volume of sphere = $rr3. 
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Let 
Then 


193. Areas and Volumes of Cylinder, Cone and Sphere. 

The following connections exist between the areas and 
volumes of the above solids in which the diameter of the 
sphere is equal to the diameters of the base of the cylinder 
and cone and to their heights. 

The three solids are shown in Fig. 183, the sphere being 
inscribed in the cylinder, t.e., the bases of the cylinder and 
cone, and the curved surface of the cylinder touch the 
sphere. They are therefore tangential to the sphere. 

Let  — radius of sphere. 


Then 27 equals (1) diameter of base of cylinder and cone, 
and (2) height of cylinder and cone. 
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Areas of curved surfaces of sphere and cylinder. 


(1) Of cylinder = 2zz x 2r = b^ 
(2) Of sphere = ány?, 


Fic. 183. 


ribed 
I.e., Areas of curved surfaces of cylinder and insc 
sphere are equal. 


Volumes. 


(1) Of cylinder = xj? x 2, = 955. 
(2) Of sphere 


= in. 

(3) Of cone = jur x 2r = Snr. 
4. ratio of volumes = 2 :$:% =6:4:2 
= S592 a. 


f 


go 
Thus, the volume of the cylinder = sum of volume 
Inscribed sphere and cone. 


Exercise 22 5 
l. What is the area of the cloth required to cover of 
tennis ball of diameter 5 cm? Find also the volume 
the ball. 


2. Find the cost of gilding the surface of a spherical pall 
of radius 4 m at 101p per mè, (x = 22, 2 
3. The mètre was originally calculated as one ten-milliont 
of the distance from the equator to the pole, measured along 
the meridian through Paris. Assuming that this is correct, 


SOLIDS OF REVOLUTION 219 


and that the earth is a perfect sphere, what is the earth's 
Surface area? (Give your answer correct to 109 km?; take 
mas 72.) 

4. Find the ratio of the surface of a sphere to the surface 
of the circumscribing cube. 

,9. Find the area of the whole surface of a hemisphere of 
diameter 10 cm. (Take x = 3-1416.) 

_6. A small dumb-bell consists of two spheres of 24 cm 
diam., connected by an iron cylinder 6 cm long and 1 cm 
diameter. Find its weight if 1 cm? weighs 0-28 kg. 

7. If a right-angled triangle be rotated about its hypo- 
tenuse, what is the solid formed? 

8. An equilateral triangle of side 60 mm is rotated about 
One of its sides. Find the volume of the solid which is 
formed in a complete rotation. 

.9. A sphere of radius 5 m exactly fits into a cubical box. 
Find the volume of the space which is unoccupied in the 

Ox. 


PART II 


FORMAL GEOMETRY 


INTRODUCTION 


As was stated on P. xvii, Part II of this book is de 
signed to provide a short course in formal or a ange 
geometry. The theorems which comprise it are arra ic 
So that their Sequence provides a logical chain in W jm 
all geometrical facts which are employed in a proof nave ad 
viously been proved to be true. In Part I, when theorems ing 
proved, appeal was frequently made to intuitive poem 
or to conclusions which emerge from the considerable o 
of geometric knowledge which is the common heritage 
modern civilisation, ce 

In a course of formal Beometry it is of the first importan?" 
that we should be scrupulously accurate as to the meanings 
of any terms which may be employed. Hence the impo 


reasoning, and should 
ject. But as these ha: 
in Part I they will not 
in a few cases to remi 
some of them. 

Some of the proofs 
been given, substantially, in p. 


reasoning. . í 
Constructions which appeared in Part I will not be found 
in Part II. A number of new Ones, however, which are 
dependent for their proof upon theorems in Part II, are 
included. 
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The student after studying a theorem is strongly urged 
to test his mastery of it by reproducing the proof from 
memory, It is also advised that he should attempt to 
Solve the exercises, or “ riders ”, which will be found at the 
end of each section. 

A few of the proofs of theorems, such as Nos. 1-3, hardly 
Seem to merit inclusion, as their truth is apparent, especially 
Since they have been studied in Part I, but they are included 
so that the sequence of proofs may be complete. 

Outside the scope of this book, the theorems proved must 
not be referred to by number, but only by name (Th. of 
Ti agora) or by their result (Angles in a triangle—not 


SECTION | 
ANGLES AT A POINT 


Theorem | ight line 
If one straight line meets another eic cr 
the sum of the two adjacent angles on on 
it is two right angles. 


(0) 
Fic. 184. 


Given. OC meets the straight line AB at O. 
To prove. ZAOC + ZBOC = two right Zs. 
Construction. From O draw OD perpendicular to AB- 


Proof. ZLAOC = “AOD + Z COD. 
Adding ZBOC to each, 


ZAOC + Z BOC = £A0D + ZCOD + ZBOC. 
But ZCOD + ZBOC = TROD 


= a right Z, 
“. ZAOC + ZBOC = ZAOD + ZBOD, 


i.e., ZAOC + ZBOC — two right Z s. 


ANGLES AT A POINT 223 


Theorem 2 
(Converse of Theorem 1) 


_ If at a point in a straight line two other straight 
lines on opposite sides of it make the two adjacent 
angles together equal to two right angles, these 
two straight lines are in the same straight line. 


D 


Cc 
Fic. 185. 


“oe CD meets the straight lines AC and CB at C, so 


ZACD + ZBCD = two right Zs. 
To prove. AC and CB are in the same straight line. 
Construction. Produce AC to any point E. 


Proof. Since CD meets the straight line AE at C, 
bak ZACD + ZDCE = two right Zs (Th. 1) 
u : ZACD + ZDCB — two right Zs (given). 
ZACD + ZDCE = ZACD + ZDCB. 
Subtracting the ZACD from each side. 
ZDCE = ZDCB. 
5 “. CE and CB must coincide, 
ut ACE is a straight line (constr.) 
ACB is a straight line. 
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Theorem 3 


: icall 
If two straight lines intersect, the vertically 
opposite angles are equal. 


A 
c 2 D 
B Fic. 186. 
Given. The straight lines AB, CD intersect at O. 
To prove. ZAOD = ZBOC 
and 


ZAOC = ZBOD. 
Proof. Since AO meets CD at O, 


LAOC + ZAOD = 2 right Zs (Th. 1) 
and since CO meets AB at O, 


ZAOC + ZBOC = 2 right Zs (Th. 1) 
ZAOC + ZAOD = ZAOC + ZBOC. 
From these equals take away ZAOC. 
ZAOD = ZBOC. 
Similarly it may be proved that 


ZAOC = ZBOD. 


Exercise 23 


1. In Fig. 186 prove that the bisectors of the angles 
BOD, AOD are at right angles. 


2. In Fig. 186 prove that the straight lines which bisect 
the angles AOC, BOD are in the same straight line. 

3. An angle AOB is bisected by OC. CO is produced t? 
D and AO is produced to E. Prove that the ZCOB = 
ZDOE 


4. The line OX bisects the angle AOB, XO is duced 
to Y. Prove ZAOY = ZBOY a 


SECTION 2 


CONGRUENT TRIANGLES. EXTERIOR ANGLES 


Theorem 4 
Two triangles are congruent if two sides and the 
included angle of one triangle are respectively 
equal to two sides and the included angle of the 
other, 


A D 
SY c3 
8 e E F 
Fic. 187. 

Given. ABC, DEF are two triangles such that 
AB — DE 
AC — DF 

included ZBAC = ZEDF. 
To prove, As are congruent. 
Proof. 


Apply the AABC to the ADEF so that 
(1) The point A falls on D. 
(2) AB lies along DE. 
Since AB = DE (given) 
-. the point B falls on E. 

Since AB lies along DE, and ZA = ZD, 

“. AC must lie along DF. 
And since AC — DF, 
7. the point C falls on F. 
straight line can join two points, 
-. BC coincides with EF. 
"E all the sides of AABC coincide with the corresponding 

eS of ADEF., 


Since only one 


» ^. AABC is congruent with ADEF. 
test if VLL his method of proof is called “ superposition ’’—i.e., we 
‘Wo figures are congruent by applying one to the other. 
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; etho! 

Modern mathematicians have raised objections to this a5 a m this 

of proof. However, no other satisfactory method of p 

theorem has been evolved. 


Theorem 5 or 
If one side of a triangle be produced, the exteri 


: interior 
angle so formed is greater than either of the inter 
opposite angles. 

PP 8 A E 


Fic. 188. 


Given. In AABC, BC is produced to D. bé 
To prove. Ext. ZACD is greater than either of t 
interior opposite Zs ABC or BAC. . pE 
Construction. Let E bethe mid point of AC. Join BŁ. 

Produce BE to F making EF = ÞE. 


Join FC. 
Proof. |n As ABE, FCE: 
(1) AE — EC (constr.) 
2 BE — EF (constr.) 


(3 ZAEB = ZFEC (Th. 3) 
<. Asare congruent (Th. 4) 
In particular ZEAB= ZECF. 


But LACD > ZECF. 
< ZACD> ZBAC. 
To prove ZACD > Z:ABC. 


If AC be produced to G and BC bisected, it can similarly 
;ed that 
be pe ext. ZBCG > int. ZABC. 
But ZBCG = LACD (Th. 3) 
ZACD' > ZABC. 
- ZACD is greater than either of the interior opposite 


angles 
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Exercise 24 
l. ABC is a 


: : BA 
n isosceles A of which A is the vertex. 
and CA are produced to P and Q Tespectively so that 
4Q = AP. Join BQ and CP. Prove that these straig 
lines are equal. 


: OA and OB are two equal straight lines and OC pou 
the angle between them, X is any point on OC. Prov 
that XA — XB 


3. In Fig. 188 (73, 5) prove 


(l) ZBEC > 7 BAC. 
(2) ZFCD S Z EFC. 


4. Prove that from a point outside a straight line only 
one perpendicular can be drawn to the line. 1 

Tove that the diagonals of a square are equal. d 
: 2e mid-points of the sides of a dares ATO JOINE this 
in Succession to form a quadrilateral. Prove that 
quadril 


ateral is a square 


SECTION 3 
PARALLELS 


ing in 
Definition. Parallel straight lines are such that, lying 


the same plane, they do not meet however far they may 
produced in either direction. 


į ows 
Note.—The method of proof employed in Theorem 6 ghi aaa 

is known as '' Reductio ad absurdum”. This form of proo s to à 

that the theorem to be proved is untrue. When this lea. to the 

conclusion which is either geometrically absurd or contrary sently 

data, it follows that the assumption cannot be true. Conseq 

the truth of the theorem is established. 


Theorem 6 


‘ : ; i o 

If a straight line cuts two other straight war a 
that the alternate angles are equal, then the t 
straight lines are parallel. 


Fic. 189. 


Given. The straight lines AB, CD a 
versal PQ at R and S and 


ZBRS = ZRSC (alternate angles, § 54). 
To prove. AB and CD must be parallel. 


Proof. |f AB and CD are not parallel, then, if produced 
in either direction, they must Cade (Def.). 
22 


re cut by a trans- 
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Let them be produced towards B and D so that they 
meet in X. 


Then XRS is a triangle. P 

One of its sides XS is produced to C, and Z RSC is an 
exterior angle of the A. 

ZRSC > interior ZXRS (Th. 5) 

But we are given that ZXRS — ZRSC. 

.; the assumption that the straight lines AB and CD 
Will meet has led to a conclusion which is contrary to the 
hypothesis, viz, ZBRS = ZRSC. 

<. It cannot be true that, with this hypothesis, AB 
and CD will meet when produced towards B and D. 

In the same way it can be shown that the straight lines 
ll not meet when produced towards A and C. 

,*. Since they will not meet when produced in either 
direction, by definition 


AB and CD are parallel. 


wi 
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Theorem 7 
Ifastraightlinecutstwoother straight | s 
(1) two corresponding angles are equa’: 


ines so that 


: the 
or (2) the sum of two interior angles 44 wO 
same side of the transversal is equal t 

right angles : 
the two straight lines are parallel. 
P 
B 
is R 
D 
s 3 
Q 
Fic. 190. 


r ; B, 

Given. The transversal PQ cuts the straight lines * 

CD, at R and S and 
(1) corr. Zs PRB, RSD are equal ; 

or (2) ZBRS + ZRSD = 2 right Zs. 

To prove. AB is parallel to CD in each case. 

Proofs. (1) ZPRB = ZARS. (Th. 3.) 

"^" ZARS = Z RSD, 

and these are alternate angles. 


AB is parallel to CD (Th. 6.) 
(2) LARS + ZBRS — 2 rt. Zs (Th. l) 
but ERSD + ZBRS —2 t. Zs (given) 
^ £ARS + ZBRS = ZRSD + ZBRS. 
Since ZBRS is common to both, on subtracting it 
ZAKS = RSD, 
But these are alternate angles, 
AB is parallel to CD (Th. 6) 
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Playfair’s Axiom. Two straight lines which intersect 
cannot both be parallel to the same straight line. 


, Like all axioms this cannot be proved to be true, but it 
is self-evident and in accordance with our experience. It 
1$ Necessary to assume its truth in order to prove 


Theorem 8. 
Theorem 8 

(Converse of Theorems 6 and 7) 
If a straight line cuts two parallel straight lines: 

(1) alternate angles are equal; 

(2) corresponding angles are equal; 

(3) the sum of two interior angles on the 
Same side of the transversal is equal to two 


right angles. 
P 
F 

A B 

E R 

Cc S p 

Fic. 191. `Q 
. Given. AB and CD are two parallel straight lines, PQ 
1s à transversa]. 
To prove. (1) alt. ZARS = alt. ZRSD. 


(2) corr. ZPRB = corr. Z RSD. 
(3| ZBRS + ZRSD — 2 right Zs. 


ši Proof. (1) If ZARS be not equal to Z RSD, draw a 
“pent line ERF making ZERS — ZRSD. 


ut, these are alternate angles, 
D) - ERF is parallel to CD (Th. 6) 
"s it is given that AB is parallel to CD, i.e., two inter- 


ng strai i ERE : : 
both Pen em ERF and AB intersecting at R are 
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But this is contrary to Playfair’s axiom. 
"^. the assumption that ZARS is not equa 


cannot be true, 
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1 to ZRSD 


te, ZARS = ZRSD. 

(2) Since ZARS = ZPRB (Th. 3) 
and ZARS = ZRSD (proved above) 

«o ZPRB= ZRSD. (Th. 1) 

3) Since ZARS + ZBRS —2 rt. Zs . ve) 

ud tipec RSD (proved abo 
ZBRS + ZRSD = 2 rt. Zs. 
Theorem 9 


A : : ame 
Straight lines which are parallel to the $ 
straight line are parallel to one another. 


Fic. 192. 


QA 
Given. AB and CD are each parallel to XY. 
To prove. AB is parallel to CD. 


Construction. Draw a transversal PQ cutting the straight 
lines AB, CD and XY in R, S, T respectively. 


Proof. Since AB is parallel to XY, 


ZPRB = ZRTY (corr. Zs, Th. 8) 
Because CD is parallel to XY, 

ZRSD = ZRTY (corr. Zs, Th. 8) 

ZPRB = ZRSD. 


But these are corresponding angles, 
AB is parallel to CD 


(Th. 7) 
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Exercise 25 


l. AB and CD are two parallel straight lines and a 
transversa] PQ is perpendicular to AB. Prove that it is 
atso perpendicular to CD. 

2. AB and CD are two parallels and PQ cuts them at 
Rand S. /BRS and ZRSC are bisected by RL and SM 
respectively. Prove RL is parallel to SM. 
eee Two Straight lines AB, CD bisect one another. Prove 

at AC is parallel to BD and AD is parallel to BC. 

4 In & AABC, SABC = ZACH. A straight line 
Parallel to BC cuts AB and AC at P and Q. Prove that 
“APO = 7 490p, 

5. ABC, DEF are two congruent As, with AB = DE, 

5 P and Q are the mid-points of AC and 
Prove BP — EQ. 

8. The sides AB, AC of the AABC are bisected at D and 

Se rom these points perpendiculars are drawn to the 


and they meet in 0. Join OA, OB, OC, and prove 
that these straight lines are ei i 


SECTION 4 bias 
ANGLES OF A TRIANGLE AND POLY 


Theorem 10 


' ; ual to 
The sum of the angles of a triangle is eq 
two right angles. 


S 
Fic. 193. 


Given. ABC is any triangle. 
To prove. Sum of its Zs = 2 right Zs. 


Construction. Produce one of its sides, say BC, to D. 
From C draw CE parallel to BA. 
Proof. AB is parallel to CE, and AC cuts them. 
ZBAC = LACE (alt. Zs, Th. 8) 
Also AB is parallel to CE and BC cuts them. 


£ABC = LECD (corr. Ls, Th. 8) 


"Adding — BAC + LABC = / ACE + ZECD. 
" Add ZACB to both sides. 
nen 


“BAC + ZABC + ZACB = ACE + ZECD + LACB 


= 2 right Zs (TA. 1) 
". sum of angles of the A — 2 right Zs. 

Note.—For corollaries to this Very important theorem see § 60 of 
Part I. 

It may be specially noted, however, that in the Step marked above 
with an asterisk, it is proved that 

An exterior angle of a triangle is equal to the sum of the two in- 
terior opposite angles. 
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ANGLES OF A TRIANGLE AND POLYGO 


Theorem I] 
x 
The sum of all the interior angles Age e 
Polygon, together with four right ang "dedu ous 
to twice as many right angles as the fig 
Sides, 


B 


D 
E 
Fic. 194. 
Let ABCDE be a polygon of n sides. 


2 ight Zs 
0 prove. Sum of angles at A, B, C, D, E + 4 rig 
= 2n right Zs. 


Construction. 


Given, 


Let O be any point within the pogen 
Join O to the angular points A, B, i m 
lygon is composed of as many Asa 
with n sides there are n As. (Th. 10.) 
f the Zs of each triangle = 2 right Zs. 
"- Sum of the angles of the n As = 2n right Zs. 
ut this sum is made up of 

(1) the int. Zs of the polygon; 

(2) the angles at O; 
and the angles at O = 4 right Zs. 


all the int. Zs + 4 right Zs = 2n right Zs. 


I) this result 
oie. —In the case of regular polygons G 105, Part I) 
mày be expressed algebraically as follows : SO NTAN 
hen „o each of the equal angles of 3 regular peice 
Then ua + 360° = 1804 or as shown in § 108, 


Proof. The po 


are sides, i.e, 
nd sumo 
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Theorem 12 im 
i i 
If the sides of a convex polygon are produce s 
the same sense, the sum of all the exterior ang 
so formed is equal to four right angles. 


Fic. 195. 
Given. ABC . . . isa convex polygon of n sides, having 
its sides AB, BC, CD . . . produced in the same sense 


(in this case, clockwise, see § 15) to M, N, O . . . forming 
exterior angles MAB, NBC, OCD ... 


To prove. Sum of ext. Zs, 

MAB + NBC + OCD + ...—4 right Zs. 
Proof. At each vertex A,B,C... 

the ext. L + int. L = 2 right Zs (Th. 1) 

«<. for all the n vertices 
sum of int. Zs + sum of ext. Zs = 24 right Zs. 
But 
sum of int. Ls + 4 right Zs = 2» right Zs (Th. 11) 

*. sum of ext. Ls = 4 right Zs. 


2 
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Exercise 26 


ic CUIU. Diae ants tote parallel straight Wibe: prozo 
that the bisectors of two interior angles on 
li t right angles. : i le. 

My 4 BOIS fuh engl triangle with s pee 
If AD is drawn perpendicular to BC prove tha 
ZABC., ; 

3. In a ^ABC, the side BC is Oe ee 
bisector of the ZBAC meetsBCinO. Prove 
ZACP = twice ZAOP. i ; ight 
4. ABC is a right-angled triangle and A shes ae 
angle. The sides of the A are produced in t tB and C is 

Tove that the sum of the = angles a 

Tee times the exterior angle at A. z js 
- “Tom the vertex B of the SABC, BX is Eu RS 
Pendicular to AC, and from C, cx is drawn perpe: 
to AB. Prove ZABX = ZLACY. , 

6. A pentagon has one of its angles a right angle, in 
Temaining angles are equal Find the number o 
In each of them. 


7. If the an 
9Pposite side 


of 


gles of a hexagon are all equal, prove that the 
5 are parallel. 


SECTION 5 
TRIANGLES (CONGRUENT AND ISOSCELES) 


Theorem 13 


- da 
Two triangles are congruent if two angles oles 
side of one are respectively equal to two 4 
and a side of the other. 


D 


B d E F 
Fic. 196. 
Given. ABC, DEF are As in which 
(1) ZABC = ZDEF. 
(2 ZACB = ZDFE. 
(3) BC = EF. 
To prove. As ABC, DEF are congruent. FE 
Proof. (1) Since ZABC + ZACB = Z DEF + ZDFF 
and the sum of the angles of the A is 2 right Zs, 
-. Remaining ZBAC = ZEDF. BC 
(2) Let the AABC be placed on the ADEF so that 


lies along EF. Then B coincides with E and C 
with F. 


Since ZABC = Z/ DEF, 


-. BA will lie along ED, and A must lie on ED or EP 
produced. 
Also, since ZACB = ZDFE, 
-. CA will lie along FD, and A must lie on FD or FD 
produced. 
z. A must lie on the intersection of ED and FD, i.e» 
at D. 
Since B falls on E, C on F and A on D, 
+ AABC coincides with ADEF. 


As ABC, DEF are congruent. 
238 
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Theorem 14 


If two sides of a triangle are equal the angles 
©Pposite to these sides are equal. 


A 
A 
B D c 
Fic. 197, Fic. 198. 
Given. In the SABC, AB = AC. 
To prove, ZABC = ZACB. , 
Construction. Let AD be the straight line which bisects 
the ZBAC, and meets BC at D. 
Proof. In As ABD, ACD: 
(1) AB = AC (given) 
(2) AD is com: 


mon to both As 
(3) ZBAD = ZCAD 


fe NS ABD, ACD are congruent (Th. 4) 


Particular  ZABC — ZACB. 


Coro] : 
Produc lary. If the equal sides of an isosceles triangle be 


equal ced as in Fig. 198, the exterior angles so formed are 


(constr.) 


These an " 
i gles are Supplementary to the angles at the base 
Which have been proved equal above. 


Note. 
9fe.— For further corollaries, see § 62, Part I. 
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Theorem 15 


(Converse of Theorem 14) 


sides 
If two angles of a triangle are equal the 


opposite to these are also equal. 


A 


B D c 


Fic. 199. 
Given, ABC is a triangle in which Z4BC = 440P: 
To prove. AB = AC. 


2 ing 
Construction. Let AD be the bisector of ZBAC; meet 
BC in D. 


Proof. |n As ABD, ACD: 
(1) ZABD = Z ACD iven 
(2) ZBAD = ZCAD poe 
(3) AD is a side of each A. 


<. ^s ABD, ACD are congruent (Th. 13) 
In particular AB = AC. 
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Theorem 16 
If in two triangle 


s the three sides of the Mies da 
respectively equal to the three sides of the other, 
8 triangles are congruent, 
A D 
" c t F 
Fic. 200. G 
Given, ABC, DEF are As in which AB = DE, BC — 
EF, 4C = Dr. 
To Prove, The As ABC, DEF are congruent. 
i "ie Let BC and EF be sides which are not the shortest 
In the Ag. 
Apply AARC to ADEF so that B fale on E and BC 
along EF, 
Since BC = EF, C must coincide with F. 
, Let the AA 
lie on 


BC be placed so that th 
` Opposite Sides of E m 
Join DG 


ince EG — BA, and BA = 


e vertices A and D 
being at G 


ED. 
5^ ED = EG. 
Similarly, = FG. 
n As EGD, FGD are isosceles, 
In 
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But LBAC = ZEGF (constr.) 
a BAC = ZEDF, 
In As ABC, DEF: 
(1) AB = DE (given) 
(2) AC = DF (given) 
(3) ZBAC = LEDF (proved) F 
As ABC, DEF are congruent (Th. 4) 


Theorem I7 
Two right-angled triangles are congrue 
hypotenuse and a side of one trian 
respectively equal to the hypotenuse and a $ 
the other. 


A D 
Pd py 
B € E F 


Fic. 201. 
Given. As ABC, DEF are right-angled at C and F 


hypotenuse AB — hypotenuse DE 
and AC — DF 


nt if the 


gle ar 
et 


To prove. As ABC, DEF are congruent. 
Construction. Produce EF to G making FG = BC. 


Join DG. 
Proof. Since EFG is a straight line, and ZDFE is ? 
right Z. 
OT LDRG isa right Z. 
In As ABC, DGF : 
(1) AC = DF (given) 
(2) BC = FG (constr.) 


(3) LACB = ZDFG (right Zs) 
<. As ABC, DGF are congruent (Th. 4) 
In particular, AB = DG, Z ABC = 7 pcp. 
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But AB=DE (given) 
« DE = DG. 
^. ADEG is isosceles. 


s 2DEF —-2DGE, 
But ZDGF = ZABC. 

-. ZDEF= ZABC. 
In As ABC, DEF: 


(1) AC = DF (given) 
(2) ZACB = ZDFE (given) 
(3| ZABC = Z DEF (proved) 
^s ABC, DEF are congruent (Th. 13) 


Exercise 27 


l. Prove that the Straight line which joins the vertex of 
an isosceles triangle to the mid-point of the base, (1) bisects 
€ vertical angle, (2) is perpendicular to the base. 

' WO isosceles As have a common base. Prove that 
the straight line which joins their vertices, produced, if 
necessary, (1) bisects both vertical angles and (2) bisects 
the base at right Zs, : 
ioin 9 Circles intersect. Prove that the straight line 
Joining their points of intersection is bisected at right 
angles by the Straight line which joins their centres. 
pb ABC, DEF are two acute-angled As, in which AB — 

E, AC = DF, and the perpendicular from A to BC is 
equal to the perpendicular from D to EF. Prove that the 
As ABC, DEF are congruent. 
ae ABC is an equilateral A and on its sides the equilateral 

S, ABD, BCE, ACF are constructed. Prove that DA, 

are in the same Straight line, as are also DB, BE and 
is equilate: © also that the ADEF which is thus formed 
1S equilateral. 

Structed any ^ABC, equilateral As ABD, ACE are con- 
7 €d on the sides AB and AC. Prove that BE =CD. 
ABC Tom any Point O on BD, the bisector of an angle 
re E Straight line is drawn parallel to BA or BC’. Prove 

; From angle formed in each case is isosceles. 
perpendi point O on AD, the bisector of an angle BAC, 


: lars OE and OF are drawn to AB and AC re- 
Spectively. Prove that OE — OF. 


SECTION 6 
INEQUALITIES 
Theorem 18 


eater 
If two sides of a triangle are unequal, the gr 
side has the greater angle opposite to it. 


A 
D 
B Cc 
Fic. 202. 
Given. In the AABC, AC > AB. 
To prove. ZABC > ZACB. 
Construction. From AC cut off AD — AB. 
Join BD. 
Proof. In ^ABD, AB = AD constr.) 
"^. ZABD — ZADB. 
In 


ABDC ext. ZADB > int. ZBCD. (Th. 6.) 
4 ZABD > ZBCD. 
Much more therefore is 


4 ABC > ZACB. 
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Theorem 19 
(Converse of Theorem 18) 


If two angles of a triangle are unequal, the greater 
angle has the greater side Opposite to it. 
A 
B c 
Fic. 203. 
Given, In ^ABC, Z ABC > ZACB. 
To prove, AC > AB. 


Proof. f 


equal 05 = AC is not greater than AB it must either be 


or less than it, 
(1) If AC = AB, 
Then ZABC = ZACB. (Th. 14.) 
But 


Zach is impossible, since ZABC is given greater than 


*- AC is not equal to AB. 
(2) If AC < AB. 
Then ZABC < ZACB. (Th. 18.) 
But this is contrary to what is given. 
E 1s neither equal to AB nor less than it, 


^. AC> AB. 
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Theorem 20 wn to 
Of all the straight lines which can a er it 
a given straight line from a given point Ww! 
the perpendicular is the least. 


(0) 
A tp B 
Fic. 204. 


isht line AB: 
Given. O isa point lying without the straight Hoe 
Draw OP perpendicular to AB. 


B. 
Let OQ be any other straight line drawn from O to P 
To prove. OP < OQ. 
Proof. In AOPQ, ext. ZOPB > int. ZOQP. 


But ZOPQ = ZOPB (right Zs) 
“. ZOPQ> LOOP. 


But in the AOPQ th 


ide 
: : e greater angle has the greater $ 
opposite to it (Th. 19). 


- OQ >OP, 


$.e., OP < OQ. 
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Theorem 21 


Any two sides of a triangle are together greater 


than the third. 


E 
D 
A 
B c 
Fic. 205. 
Given, ABC is any triangle. 
9 prove. Any two of its sides are together greater than 
the third: for ook 
AB + AC > BC. 
Construction, Produce BA to any point E. 
From AE cut off AD — AC. 
Join DC. 
Proof. In AACD, AD = AC — (constr, 
$ ^ ACD = ZADC. (Th. 14) 
ut <BCD > ACD, 
“BCD > ZBDC, 
^ BD BC. (Th. 19) 
But since AD — AC (constr.) 
BD = BA + AD 
— BA + AC, 
Simi ^ BA + AC> Bc. 
imilar] ; 
than the thing Other two sides can be proved greater 
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Exercise 28 


joined 
1. A point D is taken inside a triangle ABC, pue 
to B and C. Prove ZBDC > ZBAC. les ABC: 
2. In the triangle ABC the bisectors of the ne t OB is 
ACB meet in O. If AB is less than AC, prove tha 
less than OC. P 
3. AD is the median of the AABC drawn from A. 
that AD is less than half the sum of AB and AC. Ò 
4. In the isosceles AABC, AB = BC. AB is P of the 
to any point O. D is any point on the bisector 
<4BT. Prove that CB +0B < CD + OD. snc and 
5. AD is the bisector of the angle BAC of the 4 


it meets BC in 0. Show that if AB > AC, the /.AOB 2 
ZAOC n 


rove 


duced 


uch 

del eei is taken within the equilateral AABC § 
a > OC. Prove ZOBA> ZOCA. : 2 
7. Prove that the su drilater 


i ter than half the « of the diagonals of a qua ; 
S greater than half the sum of the sides. ad 

T ABCD is a quadril in which AB < BC 
£BAD < 7 quadrilateral in whic 


BCD. Prove AD > CD. 


SECTION 7 
PARALLELOGRAMS 


Definition, 4 parallelogram is a quadrilateral whose 
opposite sides are parallel. 


Theorem 22 


(1) The opposite sides and angles of a parallelo- 
gram are equal. 


(2) Each diagonal bisects the parallelogram. 


D c 


A B 
Fic. 206. 


parallelogram and AC is a diagonal. 
(1) Opposite sides equal, £e, AB — DC 
AD = BC. 


Given, ABCD isa 

To prove, 1 

(2) Opposite Zs equal, i.e,, ZADC = 7 ABC, 
ZBAD = ZBCD. 


(8) The diagonal AC bisects the parallelo- 
gram. 


In As ABC, ADC: 
) ZBAC = 7 pcA 


Proo f. 


(alt. Zs, AB is parallel to 

" CD, TÀ. 8) 

(2) ZACB = ZDAC (alt. Zs, AD is parallel to 
: BC, Th. 8 

(8) AC is common to both As. 

I “ ^s ABC, ADC are congruent (Th. 13) 

n Particular AB = DC, AD = BC. 


Betas ZADC = 7 ABC, 
d s is one half of the parallelogram, in area. 
that fie gine: dic’, be shown that /BAD = ZBCD, and 


lagonal, BD, bisects the parallelogram. 
249 


250 TEACH YOURSELF GEOMETRY 


Theorem 23 


i ach 
The diagonals of a parallelogram bisect € 


other. 
D c 
A Ee B 
Fic. 207. á 
are its 
Given. ABCD is a parallelogram, AC and BD 
diagonals intersecting at O. 

To prove. AO — OC, BO — OD. 
Proof. |n ^s AOD, COB : 

(1) ZOAD = ZOCB (alt. Zs, Th. 8) 

(2) ZODA = ZOBC (alt. Zs, Th. 8) 


(3 AD=BC (Th. 22) 
“. As AOD, COB are congruent. 
AO = OC, 


In particular 
BO = OD. 
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Theorem 24 
(Converse of Theorems 22 and 23) 
A quadrilateral is a parallelogram if 
(1) its opposite sides are equal, 


or (2) its opposite angles are equal, 
oy (3) its diagonals bisect one another. 
A B 
D c 
Fic. 208. 
Part (1) Given, ABCD is a quadrilateral in which 


AB = DC, AD = BC. 


To prove. ABCD is a parallelogram, t.e., AB 
1s parallel to CD, AD is parallel to BC. 
onstruction. Joint BD. 

Proof. |n As ABD, BCD: 

(1) AB = DC (given) 
(2) AD — BC (given) 
(3) BD is common. 
^s ABD, BCD are congruent (Th. 16) 


In particular “ADB = ZDBC. 
ut these are alternate angles. 


Sim; -. AD is parallel to BC. 
milarly AB is parallel to CD. 
“^. ABCD isa parallelogram (Def.) 
ad Oh Given ZADE ZABC 
To ZDAB = ZBCD. 
Prove, 


ABCD isa parallelogram. 
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Proof. Denoting the angles of the parallelogra 
ZA, ZB, ZC, 
ZA A pm ZC + ZD = 4 right Zs. 
But LA = ZC and ZB = ZD. 
Substituting, 
^" 24A +24B = right Zs. 
"^" £A ZB = 2right Zs. 
I.e., AD and BC, being cut by AB, 
sum of interior Zs — 2 right Zs. 
AD is parallel to BC (Th. 7) 
Similarly it may be proved that AB is parallel to 
ABCD is a parallelogram — (Def) 
^ B 


DNE S 
E 7 


D c 
Fic. 209. 


m by 


DC, 


er 
Part (3). Given. Diagonals AC, BD bisect one anoth 
at O, i.e., AO = OC, BO = OD. 
To prove. ABCD isa parallelogram. 
Proof. |n ^s AOB, COD: 
(1) AO — OC. 
(2) BO — OD. 
(3) ZAOB = ZCOD (TA. 3) 
As AOB, COD are congruent. (Th. 4) 
In particular alt. ZABO = alt. ZODC. 
AB is parallel to DC. (Th. 7) 
Similarly it may be shown that 
AD is parallel to BC. 
ABCD is a parallelogram. (Def.) 
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Theorem 25 


ght lines which join the ends of two 
and parallel straight lines towards the same 
re themselves equal and parallel. 


A B 


The strai 
equal 
Part a 


c D 
Fic. 210. 
Given. AB is equal and parallel to CD. 


They are joined by the straight lines AC, BD. 
To prove, 


AC is equal and parallel to BD. 
Construction, Join BC. 

In ^s ABC, BCD: 
(l) AB — cp 


(2) BC is common, 
3) Z4BC = ZBCD 


Proof. 


(given) 


(alt. Zs, Th. 8) 
^s ABC, BCD are congruent. (Th, 4) 
Particular AC = BD 

ZACB = 7 DBC. 


^. AC is Parallel to BD. (Th. 7) 


In 
and 
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Theorem 26 


: oint 
A straight line drawn through the mig ote 
of one side of a triangle and paralle 
side, bisects the third side. 


A 


B G 
Fic. 211. 
i f the ABO 
Given. From P, mid point of AB, a side o 
PQ is drawn parallel to BC, meeting AC in Q. 


To prove. AC is bisected at Q, t.e., 


AQ — QC. mr 
Construction. From C draw CK, parallel to A 
PQ produced at R. 
Proof. PR is parallel to BC 
CR is parallel to AB (constr.) 
*. PRCBisa parallelogram  (def.) 
n^ RC =PB=AP (given) 


(given) 


In As APQ, QRC: 
(1) AP = RC. rove C) 
(2) ZAPQ = ZQRC an rl AP is parallel 10 Ro 
(3) ZPAQ = ZOCR (alt. Zs, AP is parallel t0 
As APQ, QRC are congruent (Th. 13) 
In particular AQ = QC 


ien AC is bisected at Q. 
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Theorem 27 


ght line joining the middle points of 


9 sides of à triangle is parallel to the third side 
and equal to half of it. 


The strai 


A 


B C 
Fic. 212. 

Given, p and Q are the mid points of AB, AC, sides of 
the AABC, 

To Prove, (1) 
(2) 
Construction, 

Produced at 


Proof. In As APQ, QRC: 


i. llel to CR) 

Q) LPAQ = ZOCR (alt. Zs, AB is para 

i) ZAPO = ZORC [es Zs, AB is parallel to CR) 
4Q — QC (given) 


As APQ, QRC are congruent. (Th. 13) 
s Particular AP = RC and PQ — QR. 
By AP = pf 


PQ is parallel to BC. 
PQ = ABC. 


Through C draw CR parallel to BP to meet 
R. 


^ PB = RC. 
and PB is Parallel to RC, 25 
“+ PR and BC are equal and parallel (Zh. 25) 
But PQ — QR. 
PQ — iPR 
= jac. 


PQ is parallel to BC and equal to half of it. 
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Theorem 28 " equal 
" i ake 
If three or more paralle! straight lines Take equal 
intercepts on any transversal they also 
intercepts on any other transversal. 


Fic. 213. 


Given. AB, CD, EF are parallel straight lines. 
PQ and RS are transversals. 
AC —CE, _ DF. 
To prove. Intercepts on RS are equal, t.e., Bn 
Construction. Draw AG parallel to BD. 
Draw CH parallel to DF. 


Proof. Quads. AGDB, CHFD are parallelogram? 


(given and € 
AG — BD,CH — DF. 

Since AG and CH are both parallel to RS. 

~. they are parallel to one another (Th. 9) 
In As ACG, CEH : 

(1) AC —CE (given) 

(2) ZACG = ZCEH (corr. Zs, Th. 8) 

(3 ZCAG = ZECH 


(AG is parallel to CH, Th- 8) 
As ACG, CEH are congruent. 


(Th. 13) 
In particular AG =CH. 
But AG = BD, and CH = DF. 

5 BD = DF. 


onst? ) 
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Exercise 29 
l. ABCD is 


‘ a parallelogram. From A and B perpen- 
diculars AP, BQ are drawn to meet CD or CD produced. 
Prove AP = BO. 

2. E and F are the mid points of AB and AC, two sides 
of the AABC. P is any point on BC. AP cuts EF at Q. 
Prove that AQ — Po. 


and F are the mid points of the sides AB and CD 
Tespectively of the parallelogram ABCD. Prove that 
F isa parallelogram. 
aS is a parallelogram and its diagonals intersect 
hats Through Ó a straight line is drawn cutting AB in 
P If. inQ. Prove that OP — OQ. ; : 
ji Tove that in any quadrilateral the straight lines 
re the mid points of the sides form a parallelogram. 
i n isa parallelogram. The bisectors of the angles 
Eo C meet the diagonal BD in P and Q respectively. 
; idee the As APB, CQD are congruent. 
LBC n the quadrilateral ABCD, AB = CD; also ZABC = 
rà Nes that AD and BC are parallel. 


ben BC is right-angled at B. An equilateral ABCD 
frog, structed on BC. Prove that the straight line drawn 
Parallel to AB, bisects AC. 


SECTION 8 
AREAS 


Area of a rectangle. In Part I, $ 91, the rule 9^ ed 
the area of a rectangle was determined. This = 
as fundamental in the theorems which follow, 2 
meaning of altitude. 


Theorem 29 


The area of a parallelogram is equal E 
rectangle having the same base, and the sa 
tude, or between the same parallels. 


F 
A E D FA D E "d 
B c B ra 
Fic. 214. 
; E 
Given. The rectangle ABCD and the parallelogram BBO 
have the same base BC and are between the same pes to 


AF, BC, i.e., they have the same altitude which is equ 
AB or DC. (There are two cases as shown by the two figure?) 


p jen Area of parallelogram EBCF = area of rect 


Proof. |n As ABE, DCF: 
(1) ZAEB = ZDFC (corr. Zs, BE, CF parallel) 
(2) ZBAE = ZCDF (corr. Zs, AB, DC parallel) 
(3) AB = DC (opp. sides of rectangle) 
^s ABE, DCF are congruent. 


Considering the whole figure ABCF, if the equal A5 
258 


to that of ? 
e alti- 
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259 
ABE, CDF are subtracted in turn from it, the remaining 
Bures must be equal 
te, parallelogram EBCF — rect. ABCD. 

Corollary (1). The area of a parallelogram is measured 
by the Product of the measures of the lengths of its base and 
Its altitude, 

Corollary (2). Parallelograms 9n equal bases and of equal 
altitudes are equal in area, the area of each being measured 
85 stated in Cor. (1). 

T Corollary (3) Parallelo rams on the same base and 
Stween the same parallels, o 
equal in area, 


r having equal altitudes, are 
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Theorem 30 i f che 
o 
The area of a triangle is equal to one peewee 
area of a rectangle on the same base an Ititude- 
the same parallels, or, having the same 2 


E FD c 
A B 
Fic. 215. 


base 
Given. The AABC and rect. ABDE are on the sam? 


AB and lie between the same parallels AB and EC. 

To prove. Area of A = } area of rectangle. 

Construction. From A draw AF parallel to BC. 

Proof. Since FC is parallel to AB (given) 
and AF is parallel to BC — (constr.) 

ABCF is a parallelogram and AC is a diagonal. 22) 
-. SABC = 3 parallelogram ABCF d 

But parallelogram ABCF = rect. ABDE in area (Th. 
AABC = 4 rect. ABDE. If 
Corollary |. The area of a triangle is equal to one lis 
the product of the measures of its base and altitude, 
or Area = } (base x altitude). 
Corollary 2. Triangles on the same base, or on equal 
bases and having the same altitude are equal in area. 

Corollary 3. If triangles with the same area have the 
same or equal bases, their altitudes are equal. 
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Theorem 31 
Triangles of & 
bases 


An th 
Side of it, a 


qual area, which stand on 2 
€ same straight line, and on the sam 
re between the same parallels. 


A D 


E F H a 


Fic. 216. 


Given, ABC, DEF are As of the same area, standing on 
e as BC, EF, in the Same straight line, PQ 
oin AD, 


To prove. AD ig Parallel to PQ, 
Construction, 


Draw AG, DH perpendicular to PQ, 
Proof, Since As ABC, DEF have equal areas and stand 
On equal bases, 
l <. their altitudes are equal 
te, 


(Th. 30, Cor. 3) 
4G = DH. 

Since 4G and DH are Perpendicular to PỌ, 

, “. AG is parallel to DH, 

+e., AG and DH are equal and parallel. 


AD and PQ are parallel (Th. 25) 
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Theorem 32 che 
. on 
If a triangle and a parallelogram stand arallel* 
same base and are between the same P 


llelo" 
the area of the triangle is half that of the par? 
gram. 


D c E 


A B 
Fic. 217. " the 
nd O5 an 
Given. Parallelogram ABCD and AABE SPP AB® 
same base AB and are between the same pa P 
DE. allel? 


f par 
To prove. Area of AABE = half the area ? 


gram ABCD, 
Construction. Join AC. 
Proof. AB and DE are parallels. 0, C?" 2) 
EB (Th 3" 99) 
area of AACB = area of AA CD Th. 
But ^ACB =} parallelogram A” 
AABE = } parallelogram AB 


AREAS 
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iangle 
] construct a tr 
Construction No. 16. oo 
equal in area to a given qua 
Given, ABCD isa quad- C 
rilatera]. 
Itis Tequired to construct D 
a triangle equal in area to it. 
Construction, Join AC, 
m D draw Dp parallel 
to 4C and Meeting B pro 
Uced in P, 
om pc. B 
T B is the required tri. p A Fic. 218, 
Proof, SACD = PAC in area (Th. 30, Cor, 2) 
To each add the ^ACB. 
"-— APCB — quad. ABCD, : R 
Corollary, The effect 9f the above onstruction is to 
Tate’ the n ST of sides of the given figure b 
Process Can b t t 
Number a sider © extended [v] 


rectilinea] hg 


D 


A 


B Qq 
For Fig, 219, 
ex 

hog ample * Pentagon ABCDE (Fig. 219), by the Same 
Cp. Biven above can be Teduced to an equivalent 
lat i Speatin th 
€ra] ls Teduce to the cess, = 


stage this uadri. 
8e, PDQ, * 
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Exercise 30 


s the 

1. ABCD is a parallelogram. Through a point OB antl 
diagonal AC, EOG and FOH are drawn parallel t9 Prove 
BC, respectively, E being on AD and F on que 
that the parallelograms EOHD, FOGB are equal in 


Nole.— These parallelograms are called the "' complements 
parallelograms about the diagonal AC. 


oe Pray two 
2 Show that a median of a triangle divides it into 
triangles which are equal in area. : int of AC. 
3. In a quadrilateral ABCD, O is the mid pom val jn 
Show that the quadrilaterals ABOD, CBOD are ed 
area. ram 
4. O is any point on the diagonal BD of the parallelo& 
ABCD. Prove that AOAB = AOBC. divide it 
5. Prove that the diagonals of a parallelogram : 
into four triangles of equal area. . mine draw? 
6. ABCD is a parallelogram. A straight line ei cD i 
parallel to the diagonal BD, and cutting BC an? ^ gg. 
PandQ. Prove that the As ABP, ADQ are equal 1? ^ the 
7. ABCD is a parallelogram in which AB and CD arn a 
longer pair of sides. Show how to construct ON 
rhombus equal in area to the parallelogram. e 
8. The sides AB and BC of Tie parallelogram ABCD OE 
produced to X and Y respectively. Prove that ACD. 
AADY in area. on 
9. Construct a regular hexagon of 3 cm side. Then € 
struct a triangle equal in area to it. Find the areas 9 
two figures separately and so check your working. 


SECTION 9 
RIGHT-ANGLED TRIANGLES 


Theorem 33 
(Theorem of Pythagoras) 


The area of the square on the hypotenuse of a 

right-angled triangle is equal to the sum of the 

hot the squares on the two sides which contain 
© right angle (see § 99). 


mM] 
JU 
E" 
te) 


| 


Given. ABC is a right-angled triangle, ZA the right angle. 
To prove, Sq. on BC = sq. on AB + sq. on AC. 


Construction. On BC, AC and AB construct the squares 
BCDE, ACGF, ABHK. 
Draw ALM parallel to BE and CD, meeting 
BC in L, and DE in M. 
Join AE and CH. 
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Proof. 


: Zs: 

Step 1. Zs BAC and BAK are right CP jine. | 
= KA ond AC bus in the same straight opt line 
Similarly BA and AF are in the sam 

Step2. LHBA = LEBC (right £5) 

Add ZABC to each. 
LHBC — ZABE. 

Steb 3. In ^s ABE, HBC: - 

1) ZABE = ZHBC roved above 

(2) AB — HB (Fides of square) 

(3) BE = BC (sides of sq 2 
As ABE, HBC are congruent (Th. f the 

Step 4. The square ABHK and AHBC Ariels, HB 

same base, HB, and between same pa 
and KC. 


7. area of sq. ABHK = twice area of AHBG ry, 32) 


same 

Also rectangle BEML and AABE are on e AM: 
base BE and between same parallels BE BE 

". area of rect. BEML = twice area of ^^ (Th. 32) 


Step 5. But AHBC = AABE. 
". rect, BEML = sq. ABHK. 
ii EA show? 
u by Joining AD and BG it may be 
da 


rect. LCDM — Sq. ACGF. 


Step 6. 
*. rect. BEML + rect. LCDM — E ACGE: 
E c — sq. ABH K + sq. F 
£s Sq. BCDE — sq. . ACG: 
or Sq. on BC a 


= sq. on AB + sq. on AC 


RIGHT-ANGLED TRIANGLES 


Theorem 34 
, (Converse of Theorem 33) 
i the Square 
© sum of th 


267 


on one side of a triangle is equal to 


then the angl € squares on the other two sides, 
right angle, gle contained by these two sides is a 
^ P 
c Boo " 
Fic. 221. 


Given, c 
* ABCisa triangle in which 


a AB? = AC? + CB. 
5 Prove. ACB is a right angle 
"struction, i 
yof. o Sht angle, QR = BC. 
* Since Z PQR is a right angle 
Since 3 = PQ? + Qn? 
. PQ = AC, and QR = BC 
but e PR? — AC? + BC? 
. 4B? = AC? + BC? 
anq c PR? = AB? 
» PR — AB. 
^s ABC, PQR: 


(Th. 33) 


(given) 


Construct a APQR such that PQ = AC, 


UTE 
(3) op ia 


As ABC, 


Tn Particular 


ut ZPQR is a right angle 
- ZACB is a right angle. 


(proved) 

(constr.) 

(constr.) 

PQR are congruent 
LACB = ZPQR. 
(constr.) 


(Th. 16) 
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Exercise 3l 


l. Prove that the sum of the squares on the sides E 
rectangle is equal to the sum of the squares on its dapma z 

2. ABC is any triangle and AD is the perpendicula 
drawn from A to BC. 

Prove that AB? — BD? = AC? — DC? 


3. ABC is a right-angled triangle with C the right angle- 
On AC and CB the s 


quares AQPC, CRSB are constructed. 
Join BQ, AS. Prove that BQ? — AS? = AC? — BC*. 


4. If ABCD is a rhombus prove that 
AC? + BD? = 4AB?, 
5. ABCD and PQRS are two squares. Show how to 


construct a square which is equal to the difference of their 
areas. 


6. B is the right angle in a right-angled triangle ABC. 
Any point P is taken on BC. Prove that 
AP? + BC? = BP? + AC?, C 
7. On a straight line BC two equilateral As ABC, DB S 
are constructed on opposite sides of BC. Join AD. Prov 


that the square on 4D js equal to three times the square 
on BC. 


8. Any point O is taken within a rectangle ABCD. Prove 
that 


0A? + QC? = 0B? + OD*. 


SECTION 10 
AGORA 
EXTENSIONS OF THEOREM OF PYTH 


Theorem 35 


ing theorems the 
Note. — Before proceeding to the two following 


ofs given below 
Student is advised to revise Part I, § 152. The proofs g 
are algebraical 


on the 
In an obtuse-angled triangle light to the 
Side opposite to the obtuse angle he p flos 
sum ofthe Squares on the sides pulse. by either 
angle plus twice the rectangle aeni Ma other. 
Of these sides and the Projection on it o 

Given. ABC is a tri 
angle with an obtuse angle 
at C, 

AD is the perpendicular 
from 4 to BC produced, c h 

Let 4 =h,andCD =p, 
- Aum P is the projection 

upon BC (8 30) D 

l et a, »¢, in units of B 4 c P 
ength, Tepresent the sides Fie. 222. 
of the Tiangle (§ 44) 
9 prove, 
r 


A 


ó AB? = AC? + BC? + 2BC. CD 


c? = a? 4 ope + 2ap. 
Proof, BD — BC +CD =a +p. 
Since ABD is a right-angled triangle 


Sub AB? = BD? + A D? (Th. 33) 
Ubstitutin E 24 k. 
By algebra © (a4 p) =e L ir p +p? (See 4 Appen- 
ix 
ER 2 — a? 9 + p? + h2. 
or 2t aeo Sih P (Th. 33) 
; b = pry pe 
or Ubstituting " jJ + 2ap + b? 
E Ce a? E b? + 2ap. 
XPressing this in geometric form 
AB? — AC? 4 Bca -F2BC. CD. 
269 
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Theorem 36 


In any triangle the square on the side opposite 
to an acute angle is equal to the sum of the squares 
on the sides containing that acute angle less twice 
the rectangle contained by one of those sides an 
the projection on it of the other. 


A 
FERE UC AMET. 
(1) (2) 
Fic. 223. 
: te 
Given. In any triangle there are at least two 20593 
angles; consequently there are two cases (shown in F16: 


(1) and (2) : 


(1) when all the angles are acute; 
(2) when one angle is obtuse. 


Draw AD (denoted by A dicular to B 
produced in (2). did a M 


Then CD (denoted by p 
or BC produced. 


F aoe 
In Fig. 223 (1) BD = a — p; in Fig. 223 (2) BD =? 

To prove. AB? = AC? + BC? — 9BC.CD 
or cgo. 2ap. 

Proof. Considering the right-angled AABD. 

AB? = BD? + AD?. (Th. 33) 
s.in (1) c — (a — 5 + k 
In (2) e-(p—ap.lm 


) is the projection of AC O 
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From algebra (a — $)* = (5 — a)? S 
= @ ? —2ap (See Appen 
ete die A) 
> in (1) and (2) cat. 2ap + p? + hi 
But from AADC 
pr +12 = Be (Th. 33) 
^ on substitution œ — a2 + b? — 2ap 
9r in geometric form AB? = AC? + BC? — 2. BC. CD. 


Exercise 32 


is the Perpendicular drawn from C to the opposite side. 
Prove that 


3 BC? = 24B . BD. i 
: ABC is an acute-angled triangle and BE, CF are alti- 
tudes, Prove that diis c s 


SECTION 1I 
CHORDS OF CIRCLES 


Theorem 37 


(1) The straight line which joins the centre of a 
circle to the middle point of a chord (which is not 
a diameter) is perpendicular to the chord. 
Conversely : 


(2) The straight line drawn from the centre of 
a circle perpendicular to a chord, bisects the chor ^ 
(1) Given. O is the centre an 
AB a chord of a circle. ( AB. 
O is joined to D the centre 0 
dicular to 


To prove. OD is perpen 
AB 


wey Construction. Join OA, OB. 
A B Proof. |n ^s OAD, OBD: 
CU Be (1) OA —0B (radii) 
Fic. 224. (2) AD = DB (given) 
(3) OD is common. 
^s OAD, OBD are congruent (Th. 16) 
In particular ZODA = ZODB. 
OD is perpendicular to AB. 
Converse : 
(2) Given. OD is perpendicular to AB. 
To prove. AB is bisected at D, i.e., AD = DB. 
Proof. |n ^s OAD, OBD: 
(1) OA —OB (radii) 
2) OD is common. 
(3) Zs ODA, ODB are right Zs 
As OAD, OBD are con 7 
UE AD oa congruent. (Th. } ) 


Corollary. The perpendicular bi S 
through the centre of the circle. "sector of a chord pass 
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Theorem 38 
One circle and one only can be drawn through 
three Points not in the 


same straight line, 
A 


ol 


Fic. 295, 


[e 


Given, 4, B and C are three points not in the same 
Straight line, 


To prove. One circle and one only can pass through 4, 
B and C, 


Construction, Join AB and BC. ; : 
. Draw the Perpendicular bisectors of these straight lines, 
t.e., PE and QD 


Since A,B,C are not in the same straight line, the per- 
Pendicular bisectors of AB an are not parallel and 
€refore must meet. 
et them meet at O. 
Proof. Since pg is the perpendicular bisector EH 
Points equidistant Írom B and C lie on it. (Proof as in § n 
Similarly all points equidistant from 4 and B lie on the 
Perpendicular bisector QD. 
is a point, and the on 
Pendicular bisectors intersect 


ĉn, O is a poin 
from 4, B and C 


ly point in which these per- 


t, and the only point which is equidistant 


~<. O is the centre of a circle, radius OB, Which will pass 
through the points A, B and C. Also there is no other 
circle which Passes through these points, 


274 TEACH YOURSELF GEOMETRY 


Theorem 39 


ue from 
(1) Equal chords of a circle are equidistant 
the centre. 


Conversely : 


tre 
(2) Chords which are equidistant from the cen 
of a circle are equal. 


Fic. 226. 


; C, 
(1) Given. AB, DE are equal chords of a circle AB 
centre O. 


d 
OP, OQ are perpendiculars on the chords from O 9? 
therefore are the distances of the chords from O. 
To prove. OP = 0Q. 
Construction. Join OA, OE. 


Proof. EQ — 43ED and AP — 1AB (Th. 37) 
and AB = DE 


EQ = AP (given) 
In As OAP, OEQ: 
Q0)  OE=0A 


D. 95-74 ato 
i3) LOQÉ = ZOPA on Ta 


As OAP, OEQ are congruent (Th. 17) 
In particular OP = OQ 


i.e., the chords are equidistant from the centre, 
Coy 
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Converse + 
(2) Given, OP — 0Q. 
To prove. AB — DE. 
Proof. In As OAP, OEQ: 
(1) OE — 0A (radii) 
(2) OP = 0Q (given) 


(3) ZOQE = ZOPA (right Zs) 
As OAP, OEQ are congruent. (Th. 17) 


(EQ — AP. 
But ED = 2EQ and AB = 24P, 
AB — ED. 


Exercise 33 


l. O4 and OB are two chords of a circle which make 
qual angles with the straight line joining O to the centre. 
Tove that the chords are equal. 

^. Show how to construct in a given circle a chord AB 
Which passes through a given point O within the circle and 
Is bisected at the point. 

- From a point A on the circumference of a circle equal 
Chords 4B and AC are drawn. If O be the centre of the 
Circle prove ZOAB = ZOAC. 

- Two circles intersect at P and Q. Prove that the 
Straight line joining the centres of the circles bisects the 
Common chord PQ at right angles. 

5. P is a point on a chord AB of a circle. Show how to 
draw through P a chord equal to AB. 

8. Two circles intersect at P and Q. Through these 
points parallel straight lines APC, BQD are drawn to meet 

he circles in A, B,C, D. Prove that AC = BD. 

.__ 7. Two concentric circles are cut by a chord ABCD which 
Intersects the outer circle in Á and D and the inner in B 
and C. Prove that AB = CD. 


SECTION 12 
ANGLE PROPERTIES OF A CIRCLE 


Theorem 40 


The angle which an arc of a circle subtends at 
the centre is twice that which it subtends at ei 
point on the remaining part of the circumferen 
of the arc. 


P P 
ias 
Q 
ZS : 
Y N B K 
a a) (2) (3) 
Fic. 227. 


Given. AB is an arc of the circle ABP. Q. 

ZAOB is the angle subtended by the arc at the centre, at 

ZAPB is the angle subtended by the arc at P any po! 
on the remaining part of the circumference. 

To prove. ZAOB = twice ZAPB. 

There are three cases : 


(1) When centre O lies within the ZAPB. 
(2) When centre O lies without the ZAPB. A 
(3) When ZAOB is a reflex angle and ZAPB 15 
obtuse. 
Construction. Join PO and produce it to meet the circum- 
ference at Q. 


Proof. 
Casel. In AOAP,OA =OP; +. ZOAP = ZOPA. 
But ext. ZAOQ = ZOAP + ZOPA 
(Th. 10, note) 
<. ZA0Q=twice ZOPA . , (I) 
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Similarly from ^OPB, 
¿BOQ = twice ZOPB . . (II) 
Adding (I) and (II). 
ZAOQ + “BOQ = twice (ZOPA + ZOPB). 
<“. AOB = twice ZAPB. 
Case 2. With the same reasoning as above, but 
subtracting I from II. 
ZBOQ — ZA0Q = twice ZOPB — twice ZOPA. 
^ ZAOB = twice ZAPB. 
Case 3. As before. 
£A0Q = twice ZAPQ. 
; ZBOQ = twice ZBPQ. 
Adding Reflex ZAOB = twice Z APB. 


Theorem 4] 
Angles in the same segment of a circle are equal. 


VEN - 


Ut P 


Ra the circle ABCD, centre O, the arc APB subtends any 
i DB. 


Construction, Join OA, OB. 


ae £A0B = twice ZADB (Th. 40) 
ZAOB — twice ZACB (Th. 40) 
ZADB — ZACB. 
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Theorem 42 
(Converse of Theorem 41) 


If a straight line subtends equal angles at pi 
points on the same side of it, then these two " on 
and the points at the extremities of the line !le 
a circle. 


Fic. 229. 


sats 
Given. AB is a straight line and P and Q are two poin 
on the same side of it such that ZAPB = ZAQB. Je 
To prove. A,B,Q, P lie on the circumference of a Cite” 
t.e., the points are cyclic. pe 
Construction. One of the angles BAP, BAQ must 
greater than the other. 
Let ZBAP be > ZBAQ. 
Then AQ will lie within the / BAP. 
Draw the circle which passes through A, B and P (Th. 38); 
Then, since AQ lies within the angle BAP, the circle mus 


cut AQ (Fig. 229 (1)) or AQ produced (Fig. 229 (2)) at som? 
point R. 


Join BR. 


Proof. Because A, P, R, B are cyclic, in either case 
and Zs APB, ARB are in the same segment. 


.. ZAPB = ZARB (Th. 41) 
But ZAPB = ZAQB (given) 
ZARB = ZAQB. 
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This is impossible since one of the angles is the exterior 
and the other the interior angle of the ABRQ. 
<. the assumption that the circle does not pass through 
Q has led to an absurdity and cannot be true. 


A, B, P and Q lie on the circumference of a circle. 


Theorem 43 
The angle in a semi-circle is a right angle. 


Fic. 230. 


aud M5 AB is a diameter of the circle ACB, O is the centre 
CB any angle in the semi-circle. 
To prove. ZACB is a right angle. 


` Construction, Join OC. 


Proof. OA =OC__ (radii of circle, ACB) 
<. ZOAC = ZOCA (Th. 14) 
Also OB =OC 
s OBE = ZOCB 
ZOAC + ZOBC = ZOCA + ZOCB 
= ZACB. 
But, since the angles of AACB equal 2 right Zs. 
<. ZACB = one-half of two right Zs. 
I.e., Z ACB is a right Z. 
Note.— See also Part I, § 135. 
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Theorem 44 


ilateral 
The sum of the opposite angles of a quen ed 
inscribed in a circle is equal to two en 
i.e., the opposite angles are supplementary. 


Fic. 231. 


y +4 js ine 
Given. ABCD is a cyclic quadrilateral, i.e, it ! 
scribed in the circle ABCD, centre O. 


To prove. LBCD + ZBAD = 2 right Zs. 
an ZABC + ZADC = 2 right Zs. 
Construction. Join O to B and D. 
Proof. ZBOD(x°) = twice ZBCD (Th. 40) 
reflex ZBOD(y°) = twice ZBAD (Th. 40) 
ZBOD + reflex BOD = twice (ZBCD + £BADY 
But 
ZBOD + reflex ZBOD = 4 right Zs. 
.. ZBCD + BAD = 2 right Zs. 
Similarly by joining OA, OC it may be proved that 
ZABC + ZADC = 2 right Zs. 


Corollary. If a side of cyclic quadrilateral be produced. 
the exterior angle so formed is equal to the interior opposite 
angle. 
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Theorem 45 
(Converse of Theorem 44) 


If the sum of a pair of opposite angles of a quadri- 
ateral is equal to two right angles, i.e., the angles 
are Supplementary, the quadrilateral is cyclic. 

D 


A B 


Fic. 232. 


Given, ABCD is a quadrilateral in which a pair of op- 
Posite Zs, BAD, BCD is equal to two right angles. 
° Prove. The quadrilateral ABCD is cyclic. 
three t: *. A circle can be described to pass through the 
Th Points B, A, D (Th. 38). 
cut D is does not pass through C the circumference must 


» or DC i ; 
Join BP. produced at some point P. 


ABPD is a cyclic quadrilateral. 
B ` ZBPD is supplementary to ZBAD (Th. 45) 
ut ZBCP is supplementary to ZBAD (given) 
su ZBCP = ZBPD, f 
*e., the exterior angle of the ABCP is equal to the interior 
Opposite angle. 
: But this is impossible (Th. 5) 
B the assumption that the circle which passes through 
, 4, D does not pass through C has led to an absurdity. 
7. the circle which passes through B, A, D must pass 
through C, 
E quad. ABCD is cyclic. 
0i 


te.—If the circle cuts DC he fij ill be as in Fig. 
produced, the fig. w: 
?29 (2) ana tne Proof is similar to that above. 
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Theorem 46 T 
, if two 4 
In equal circles, or in the same circle, if tW 
subtend equal angles 
(1) at the centre, 


(2) at the circumferences, 
they are equal. 


or 


A B re D 
G Fic. 233. H 


; tres 
Given. Two circles of equal radii APBG, CQDH, © 

E and F having 

(1) equal angles AEB, CFD at the centre 

(2) equal angles APB, CQD at the circumference. 


To prove. The arcs on which these angles stanc, 
AGB, CHD are equal. 


s0 
Proof. (1) Apply the circle APB to the circle COD. 


that the centre E falls on the centre F and AE along & 


: 0, 
Since LAEB = CFD, EB will lie along FD. 4” 
the radii are equal. 


x viz 


A must fall on C and B on D. 
z^. the arc AGB must coincide with the arc CHD, 
i.e. arc AGB = arc CHD. 


. (2) mes angles at the circumference APB, CQD are 
given equal. 


Then, since angles at the centre are double those at the 
circumference. 


oe ZAEB = ZGED. 
^. by the first part of the proof 
arc AGB — arc CHD. 
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Theorem 47 
(Converse of Theorem 46) 


In equal circles, or the same circle, if two arcs 


are equal; they subtend equal angles at the centre 
and at the circumference. 


Q 


A B c D 
H 
Fic. 234. 


Given, T 


._, WO equal circles APBG, CQDH, centres E and 
Which 


arc AGB — arc CHD. 


(Di ZAEB = ZCFD. 
(2) ZAPB = ZCQP. 
aye reef (1) Apply the circle APBG to circle CQDH, so 
at E falls on F, and EA lies along FC. 
he circle are equal. .. A falls on C. 
Also, since arc AGB — arc CHD. 
+ Circumferences coincide. 


is B falls on D, and EB coincides with FD., i.e., LAEB 
coincides with ZCFD. 


<. ZAEB = ZCFD. 
(2) To prove Zs APB, CQD equal. 
Now £APB —3ZAEB (Th. 40) 
uc : £CQD =4ZCFD (Th. 40) 
u 


ZAEB = ZCFD (proved above) 
“+ LAPB = ZCQD. 


To prove. 
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Exercise 34 


"T ee : jn 4 
1. Prove that any parallelogram which is inscribed 

circle is a rectangle. : ines 
2. From a Buon O without a circle two straight p ; 

OAB, OCD are drawn cutting the circumference * 

C, D. Prove ZOAD — ZOCB. tre of the 
3. A AABC is inscribed in a circle. O, the C657» that 

circle, is joined to D, the mid point of BC. 

ZBOD = ZBAC. drawn to 
4. Ina AABC, perpendiculars AD and BE are i 

the opposite sides. If O be the point of intersection, 

that ZDOC = ZDEC. d points 
5. AB isa fixed straight line and P and Q are fixe! i line 

without it. Find a point on AB at which the stralg 

PQ subtends a right angle. B two 
6. Two circles intersect at A and B. From ^ x 

diameters BX and BY are drawn cutting the circles 

and Y. Prove that XAY is a straight line. raight 
7. A SABC is inscribed in a circle, centre 0. The str eets 

line which bisects the angle AOC, when produced, m 

BC at D. Prove that AODB is a cyclic quadrilateral. 
8. In the AABC, AD is drawn perpendicular t° ‘ie 

AE is a diameter of the circle ABC. Prove that 

As ABD, AEC are equiangular. 


SECTION 13 


TANGENTS TO A CIRCLE 

Definition. 
meets the ciyc], 
direction, does 


A tangent to a circle is a straight line which 
€ at one point, but being produced in either 
not meet it again (see Chap. 19, Part I). 


Theorem 48 


(1) The straight line which is drawn per- 
Pendicular to a radius of a circle at the point where 
t meets the circumference is a tangent to the circle. 
Conversely : 

(2) A tangent to a circle is perpendicular to the 
radius drawn through the point of contact. 


i WEE WS, 
Fic. 235. 


(1) Given. O is the centre of a circle and OA is a radius. 
he straight line PQ is perpendicular to OA at A. 
To prove. PQ is a tangent to the circle. 
Proof. Let B be any other point on PQ. Join OB. 
In AOAB, ZOAB is a right angle. 
` ZLOBA is less than a right angle. 
<. OB >OA (Th. 18) 
<. B lies outside the circle. : P 
Similarly it may be shown that any other point on PQ 
except A lies outside the circle. 
285 


T 
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. ced 
<. PQ meets the circumference at A and being eo 
does not cut it, i.e., it does not meet it at another P 
PQ is a tangent to the circle (Def) 
Converse : 
(2) Given. PQ is a tangent to the circle at A. 
To prove. PQ is perpendicular to OA. OB 
Proof. If OA is not perpendicular to PQ draw 
pendicular to it. 
Then ZOBA is a right angle. 
<. ZOAB is less than a right angle. 
-. OB is less than OA. 
But OA is a radius. 
-. B lies within the circle. s 
-. AB if produced must cut the circle again. , a 
But this is impossible since PỌ is a tangent (ge 
OA must be perpendicular to PQ. oint 
Corollary |. The perpendicular to a tangent at eea à 
of contact with the circumference passes through the C Wan 
Corollary 2. At any point on the circumference 
circle, one, and only one, tangent can be drawn. 


per 
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287 
Theorem 49 
Common tangent 
Definition. For definitions see Part |, § 141. 
two circl 


ME es touch one another the straight line 
Joining their 


centres, produced if necessary, passes 
through their point of contact. 


a Q 
e > | i 
(n 


(b) 


Fic. 236. 
Tien. Two circles, centres 4 and B touch at P. 
as in poontact may be external as in Fig. 236 (a) or internal 
“Jn Fig. 236 (b). 
Pn. 4 Pang B are in the same straight line. 
COPtruction, Draw the common tangent QT. 
Since the circ] 


es touch they have a common tangent. 
Proof. AP and BP ar, 


Zs OP € each perpendicular to QT (Th. 48) 
V 45 CPA, OPB are right an les. 
. *- AP and bb : y 


are in the same Straight line (Th. 2) 
te., A, P and B are in the same straight line. 
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Theorem 50 


" an 
If two tangents are drawn to a circle from 
external point. 


(1) The tangents are equal. : 
(2) They subtend equal angles at the centr 
of the circle. 


ight 
(3) They make equal angles with the deed 
line joining the external point to the cen 


A 
LA ee 
B 
Fic. 237. 
Given. 


0, 
From a point T without the circle, centri 
tangents TA, TB are drawn, touching the circle 
and B. 


OA, OB, OT are joined. 
TA = TB 10) 
2) LAOT = ZBOT (angles subtended 4 
(3) ZATO = ZBTO. 
Proof. \n As TAO, TBO: 
(1) OB = 0A (radii) 
(2) OT is common 
(3) ZOAT = ZOBT (right Zs, Th. 48) 
As TAO, TBO are congruent (Th. 17) 
In particular: 
(1) TA = TB. 
(2) ZAOT = ZBOT. 
(3) ZATO = ZBTO. 


To prove. (1) 
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Theorem 51 


If a straight line touches a circle and, from the 
Point of Contact, a chord is drawn, the angles which 
ids 9rd makes with the tangent are equal to the 

gles in the alternate segments of the circle. 


Gi A z 3 
any chora @ 1S a tangent to the circle ABC at A; AB is 
To prove. (1) ZBAQ — angle in alternate segment ABC. 

(2) LBAP = angle in alternate segment A DB. 
Construction. Draw the diameter AOC, O being the 
centre, 
Take any point D on arc AB. 
Join CB; BD, DA. 
Proof. LACB = any other angle in segment ABC 
(Th. 41) 
“ADB = any other angle in segment ABD. 
It is only necessary therefore to prove: 
ZBAQ = ZACB. 
ZBAP = Z ADB. 


(1) AABC is right angled (Th. 43) 
3 ZBCA + ZBAC =a right Z (Th. 10, Cor.) 
but ZBAQ + ZBAC =a right Z. (Th. 48) 


ZBAQ = ZBCA. 
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Z BAQ = angle in alternate segment ABC. 
(2) ADBC is a cyclic quadrilateral. 
LADB + ZACB = 2 right Zs (Th. 44) 


also '  ZPAB + ZBAQ — 2 right Zs. 
£PAB + LBAO = LADB + LACB. | ove) 
But ZACB = ZBAQ (proved a 


Subtracting these equal angles 


ZPAB = ZADB 


fe, ` £PAB = angle in alternate segment ADB. 


TANGENT CONSTRUCTIONS 


Construction No. 17 


To construct an exterior common tangent to 
two circles of Unequal radii. 
T 


as Given, Two Circles, centres O and P, the circle with O 
Centre having the larger radius, 
Required. To draw an exterior tangent to the circles. 


Construction, Describe a circle, with centre O, and radius 
equal tothe differenceof the tworadii. 
Tom P draw a tangent PQ to that circle. 
Join OQ ana Produce it to meet the outer 
circle in T, 


From P draw PS parallel to OT, meeting 
the circumference at S. 
Join ST. 
To prove, ST isa common tangent to the two circles. 
iL rof. Thus 0Q — OT — ps 


bor 00 + PS = OT 
ut 004+ 0T =oTr 
Also * cs OT 


PS is parallel tó QT. 


<“. PQTSisa parallelogram (TA. 25) 
But ZPQT isa right Z. 
^ Ls Qf S and PST are right Zs. 
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a ircles at 
I.e., ST is perpendicular to radii of the two circ 
their extremities. 


^. ST is a tangent to both circles. (Th. 48) 


o the smaller 


Note.—Since two tangents can be drawn from P t he 


5 cted in 
circle, a second tangent to both circles may Pe wird 
Same way, on the other side as shown in Fig. 239. 


Construction No. 18 


: " ent to 
To construct an interior common tang 
two circles. 


Fic. 240, 


Given. Two circles, centres O and P. 


M k wo 
Required. To draw an interior tangent to these t 
circles. 


Construction. With centre O and radius equal to tue 
sum of the two radii draw a circle. | le 
From P draw a tangent, PQ, to this circle: 
Join OQ, cutting the inner circle at T. 
From P draw PS parallel to OQ. 
Join ST. 
ST is the required tangent. 


The proof is similar to that of the exterior common 
tangent, Constr. No. 17, and two solutions are possible a$ 
shown in Fig. 240. 
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Construction No. 19 


On a given straight line to construct a segment 
of a circle to contain a given angle. 


c 

Fic. 241, 

Nude 4B is the Siven straight line and P the given 
Construction, At 4 construct the ZBAC equal to P. 
From 4 draw AE Perpendicular to AC, 


Draw DF the Perpendicular bisector of 
AB, cutti Ea 


With Centre O and radius OA describe 
the circle AGBH. 
hen the Segment AHB is the segment 
required, 
Proof, Since Ọ | 


gle, AC is a tangent to the 


7 the angle in the alternate segment 4HB 
(Th. 51) 


294 TEACH YOURSELF GEOMETRY 


Exercise 35 


tial 

1. The four sides of a quadrilateral ABCD are tangen 

to a circle. Prove that AB + CD = BC + AD. tial to 2 
2. The four sides of a parallelogram are tangen 

circle. Prove that all the four sides are equal. that they 
3. Show how to draw two tangents to a circle so 

may contain a given angle. rom 
4, A chord AC of a circle ABC is produced to à 

P a tangent PB is drawn. Prove ZPCB = ZA her at C. 
5. Two circles, centres A and B, touch one deis e circles 

Through C a straight line PCQ is drawn cutting th arallel. 

at P and Q. Prove that the radii AP and BQ € pi given 
6. Show how to draw a circle which shall touch 

circle and a given straight line. di 
7. Tangents to a circle are drawn at the ends of a * 

AB. Another tangent is drawn to cut these at 

Prove that CD = AC + BD. ight angles 
8. Two tangents, OA and OB, toa circle are at rig D is 

to one another. AC is any chord of the circle an 

drawn perpendicular to it. Prove that BD — CD. ngents 
9. From a point T without a circle, centre O, tan&e p 

TP and TQ are drawn touching the circle at P and Q. er’ 

is produced to meet at R the straight line TR which is P 

pendicular to QT. Prove OR = RT. BC of 
10. Two circles touch internally at 4. A chord ab De 

the larger circle is drawn to touch the inner circle 2 

Prove that ZBAD = ZCAD. 


ameter 
nd 


SECTION 14 


CONCURRENCIES CONNECTED WITH A 
TRIANGLE 


l. Perpendicular bisectors of the sides 


Theorem 52 


o The perpendicular bisectors of the three sides 
a triangle are concurrent (see Part I, $ 119). 


A 


BY 


Fic. 242, 


Citer. OD and OE are the perpendicular bisectors of 
1 Sides BC and CA of the AABC, and they intersect at O. 
et F be the mid point of AB. Join OF. 

To prove. OF is perpendicular to AB. 
Proof. In As BDO, CDO: 

(1) BD = DC (given) 

(2) OD is common. 

(3) ZODB = ZODC (given) 

As BDO, CDO are congruent. 


In particular OB = OC. 

Similarly from the As AEO, CEO, it may be proved 
that OC — 0A 
but OC — OB (proved) 


OA — OB. 
295 
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In As AOF, BOF: 
(1) OA — OB (proved) 
(2) OF is common. 
(3) AF = BF (constr. 
-. As are congruent. 
In particular ZOFA = ZOFB. 
OF is perpendicular to AB. 


et 
i des me 
^. the three perpendicular bisectors of the sl 
O. 


in ing 
scrib! 
Note.—Since OA = OB = OC, O is the centre of the circum 
circle of the AABC (see also Part I, § 49). 
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2. Bisectors of the angles 


Theorem 53 


The bisectors of the three angles of a triangle 
are concurrent, 


Fic. 243. 
Given. OB and OC are the bisectors of the Zs ABC, 
ACB of AABC. 
Join OA, 
To prove. OA bisects the angle BAC. 
onstruction. Draw OD, OE, OF perpendicular to BC, 
and AB, respectively. 
Proof. In As ODC, OEC: 
(1) ZOCD = ZOCE (given) 
(2) ZODC = ZOEC (constr.) 
(8) OC is common. 


As ODC, OEC are congruent. 


In particular OD = OE. 
Similarly, As ODB, OFB may be proved congruent, and 
OD — OF. 
But OD —OE (proved) 
«A OE = OF. 
In As AOE, AOF: 
(1) OE = OF (proved) 
(2) AO is common. 
(8) ZAEO = ZAFO (right Zs by constr.) 


As are congruent. 


298 TEACH YOURSELF GEOMETRY 


In particular LOAE — ZOAF. 
OA is the bisector of ZBAC. 


The inscribed and escribed circles of a criangle 


ual. 
In the above proof OD, OE, OF were proved MEN of 
Therefore a circle described with O as centre, an Also, 
them as radius will pass through the three points. ity 
since each of them is perpendicular to a side at theex Pjes 
of the line, the three sides are tangential. The e e. 
constructed is called the inscribed circle of the we E oint 
The whole problem was treated from a differen 
of view in § 142. 
The escribed circles. 


x 5 were 
To obtain the inscribed circle the interior angles 


Fic. 244. 
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bisected and the bisectors were concurrent. Let us now 
construct the bisectors of the exterior angles. Produce 
a o AB and AC through suitable distances to D 
n 

Bisect the exterior Zs EBC, BCD. Let the bisectors 
meet at To Draw IP perpendicular to BC. The length 
of this can be proved, as above, to be equal to perpendiculars 
drawn from I, to BE and CD. 

If, therefore, a circle be described with I, as centre, and 
rods radius it will touch BC, and the other two sides 
Produced. This circle is an escribed circle. Similar circles 
Can be described by bisecting other exterior angles and J., I, 
d the centres of two other escribed circles. There are 

"S three escribed circles to a triangle. It may easily 
€ proved that A7 1 bisects the interior angle BAC. ` Conse- 
quently €ach of the centres I, I; Ig is the intersection of 
gap iue of two exterior angles and the opposite interior 
The studen 


LI t, as an exercise, should prove that II», 
He Kal, 


are straight lines and form a triangle. 
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3. Medians 
Theorem 54 


The three medians of a triangle are co 


300 


ncurrent. 


A 


Zo 
ZS 


ni 245 AC 
1G. . C, 
Given. E and F are the mid points of the sides B 
of the AABC. ; 
The straight lines AE, BF intersect at G. 
Join CG and produce it to meet AB at m — DB. 
To prove. D is the mid point of AB, Pe T E 
Construction. Produce CD to H making GH = 
Join AH, BH. x coder ibo 
Proof. In the AACH, FG joins the mid poin 
sides AC, HC. 
FG is parallel to AH (Th. 27) 
i.e., GB is parallel to AH. 
Similarly from the ABCH, it may be shown that 
AG is parallel to BH. 
AGBH isa parallelogram. 
<. AD = DB (Th. 23) BC. 
Notes. (1) The point G is called the centroid of | AA Jar 
It is the centre of gravity of a triangu 
lamina in the form of the AABC 
(2) Since GD = 3GH. 
Then GD = iCG. 
A GD-iCD. 
Similarly EG = 44E and FG = 4BF. 
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4. Altitudes 
Theorem 55 


The Perpendiculars drawn from the vertices of a 
triangle to the Opposite sides are concurrent. 


G 
Fic. 246. 


š diculars 
drawn fro In ^ABC, AE, BF, CD are perpendicu 


th m the vertices A, B, C to the opposite sides, t.e., 
SY are altitudes drawn from the three vertices. 


9 prove, AE, BF, CD are concurrent. 


onstruction, Through the vertices A, B, C draw 
straight lines parallel io the opposite sides CB, AC, AB 
"SPectively, to form the ACHE: 
Proof, Quadrilateral GACB is a parallelogram — (Constr.) 
< AG=CB (Th. 22) 
Similarly ABCK is a parallelogram 
and KA =CB 
KA = AG. 


t Since CB and KG are parallel and AE is perpendicular 
o . 


AE is the perpendicular bisector of GK. 
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f 
" isectors © 
Similarly BF and CD are the perpendicular bise 


GH and KH respectively. 4 isect 
I.e., AE, BF dui CD are the perpendicular bise 
the sides of the AGHK. 


.. AE. BF and CD are concurrent (Th. 52) 


ors of 


Exercise 36 


1. Show how to construct a triangle, having & 
lengths of the three medians. in Fig- 245] 
[Hint.—Construct the parallelogram AGBH T sate of Ut 
2. Construct a triangle, given the middle po v 
sides. :angle are great 
3. Prove that any two medians of a triang d 
than the third. roducec. 
4. The sides AB, AC of a triangle ABC et d^ and C 
Show that the bisectors of the exterior angles ; 
and the interior angle at A are concurrent. le is greaté 
5. Prove that the perimeter of any triangle 
than the sum of the medians. 


iven the 


SECTION 15 
RATIO IN GEOMETRY 


Division of a Straight line in a given ratio 
In Pz 


, art I, Chap. 20, the meaning of a ratio in connection 
with the comparison of the lengths of straight lines was 
riefly examined: it was pointed out that by the ratio of 
e lengths of two lines is meant the ratio of the numbers 
Which express the measures of the lengths of the lines in 
terms of the Same units. If therefore a straight line AB 


Q) 
Sore a e 
Wee eere m --—-------»X--- n----4 > 
(2) 
Fic. 247 


(Fig. 247 (1)) be divided into two parts at C and AC contains 
UNits of 


e rap 2t length while BC contains 3 of the same units, 
line to of the lengths of the two lines is 5 : 3. The whole 
» e AB contains 5 + 3, t.e., 8 of these units, all of them 
a to one another, "Thus if the whole line be divided 
e 8 equal parts AC will contain 5 of them while CB 

ntains 3. This may be expressed in the form 

AC 5 
BC 3 

In 8eneral, if in Fig. 247 (2) AC contains m units of length 
and BC » units, then the ratio a = Again if AB be 
divided into m + n equal parts, AC will contain m of these 
and BC n. 

The division of a line in a given ratio may be extended. 
Thus, in Fig. 248 (1) the point P is said to divide AB 
internally in the ratio AP : Pp. 
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: the 
If the line be produced to any point P (Fig. 250 (2)) PB. 
line AB is said to be divided externally in the Beo of the 
It will be noticed that in each case the segmen the tW? 
line are measured from P, the point of division, to 
ends of the line, A and B. dil 
This division of a line into m or n equal parts is A 
comprehended when m and » are integers. Itis ed mple if 
if m and n are exact decimal fractions. For ow, express 
m =34and n = 1°3,sothat m + n = 47, we m. Thus 
the ratio 3-4 : 1-3 in the equivalent form of 34 : ^^ 
P 
A =p 


Q) 


A —————————— P 


B 
(2) 
Fic. 248. 


he 
the lines may be divided in this ratio as above, but 5 . 
units will be each one-tenth of those previously employ 
The reasoning remains the same. 

Incommensurables. But cases arise when it 
possible to express the ratio of two quantities by the 
exact, definite integers. th, 

For example if the side of a square be a units of leng a 
we know, by the use of the Theorem of Pythagoras the 
diagonal is a4/2 units of length (see § 102, Part I). rum 


the ratio of a diagonal of a Square to a side is ASD I. 

Now, V2 is what is calle 
cannot be expressed exact] 
decimal. Its value can b 
four significant figures whe 
to the number of places t 
the ratio V2 : 1 can be ex 
Consequently a straigh 
into 4/2 equal parts. 


is not 
use of 


d an irrational number, 4-2" it 
y in the form of a fraction OT 

e found by arithmetic to, 5? " 
n it is 1-414, but there is no li! 
o which it may be worked. hus 
pressed as 1-414 : 1 approximately: 
t line cannot be divided exactly 
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diary the ratio of the circumference of a circle to its 
ut iw. ec noted by the symbol x (see § 122, Part 1). 
May be He ue of x cannot be determined exactly though it 
Signifi ound to any required degree of accuracy. To 6 
uant figures y = 3-14159._. 
which atities Such as in the above e 


xamples, the ratios of 


ca 7 E 
LU. beg integers, are said to be 


incommensurable, 

Consider} ; " 1 , 3 
een Bing E prooís involving ratios, it has hitherto 
able and x that the numbers used are not incommensur- 


Whi € same assumption wil be made in proofs 
ch follow in this section. n 


ifficult f Otherwise these would be 
mathematics. or the student at this stage in his study of 


Xpressed by exact 


Seometrical representation of irrational 

ni numbers 

n t is of interest to not 
arith ar Such as v2, 
to re ctically in an exa 
Present it exactly b 


€ that, in the case of an irrational 
although it cannot be expressed 
ct form, it is possible theoretically 
y the length of a straight line. In 


D C 


A 1 B " P 


Fic. 249, 


Fig. 249, ABCD isa Square whose side is one unit in length. 
hen the length of the diagonal BD is V/2 units. If AB be 
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then the 
produced to P and BP be made equal to BD, 
length of BP is 4/2 units. Thus 
BP : BA = V2:1 ctitude 

or AP is divided at B in the ratio V2 : 1. T eni used 
Secured depends on the accuracy of the instrum 
and the skill of the draughtsman. P ‘onal numbers 

Straight lines which represent other jc ee d triangles 
fed similarly be obtained by the use of right-ang = to them- 
and the application of the Theorem of ed. inches: 
For example, in Fig. 249 the length of CP is th 


ml ; ight line the leng 
But, it is not possible to obtain a straight line 
of which is exactly x units. 


: .- c ie divided i 
Proportional. If each of two straight lines is div 


[e 


A D B 


Fic. 250. 


+ nally: 
the same ratio, they are said to be divided proportion? 
For example in Fig. 250, if 


AD AE 


DB ~ EC „cided 
then the sides of the AABC, AB and AC are divi 
proportionally at D and E 


: e ich 
From the equality of ratios $ = A other quantities whic 


are proportional and which are closely related to them d 
be derived, as follows: 


Given 


ll 


SIA Ae 


Then 


~ 
>] 
— 


II 


B 


alo MA 
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also @ F+1=$41 
Similarly, (gy @ z= e 
and (a) t ; = ets. 


These may be illustrated from Fig. 250, 


Given AD = AE 
DB EC* 
T DB EC 
hen by (1) AD^ AE 
and 4D-FDB AE + EC 
ME S 7OBE 
or 4B 4c 
DB EC 
Similarly, AB = 4c 
AD ` AF 
Mean Proportional. If a, b, c are numbers such that 
@ b 
or det. 
ac = pa 
or 


307 
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Theorem 56 


side of 3 
If a straight line is drawn parallel to ans nail 
triangle, the other sides are divided prop 


Q P 
C 


(1) (2) (3) 
Fic. 251. 
" aralle 
Given. ABC is a triangle in which PỌ is drawn P7 ip 


s : ally 25 : 
to AB cutting AC in P and BC in Q, either intern: 
(1) or externally as in (2) or (3). 


PC QC 
T » wr uem AA 
0 prove PA OB" 
Proof. Let P divide C4 in the ratio m : n, 
> PC m 
i.e., PAL 
Let PC be divided into m equal parts. 
Let PA be divided i 


e QC into m 'equal parts and QB 


, PC h 
" QB an 
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but PE m 
PA w 
= PC, OG 


Thus CA and CB are 


divided Proportionally at P and Q. 
Cerollary, It may be Proved in the same way that 
CP CO CA CB 
GA C^ cp and PA OB 
(See also p. 307.) 
Theorem 57 
(Converse of Theorem 56) 
If tw 


O sides of a ri 
ratio, trian 


gle are divided in the same 
the straight | 


ine joining the points of division 
'S Parallel to the third side, 
A 
P Qa 
R 
B c 
Fic. 252. 
Gi PA QA 
ven. In AABC, PB = QC 
To prove. PQ is parallel to BC. 
Construction, Draw PR parallel to BC. 
Proof. La = Se (given) 
AB AC 


PB Qc (D) (Th. 56, Cor.) 
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Since PR is parallel to BC. 


-~ =R 0 6 
Comparing (1) and (2). 
AC AC 
QC RC. 
OG = 8G; 


.. R and Q must coincide. 
Thus PQ and PR coincide. 


But PR is parallel to BC — (constr-) 
*.. PQ is parallel to BC. 


Theorem 58 


: , ir corre 
If two triangles are equiangular, their € 
sponding sides are proportional. 


Such triangles are similar (see Part I, §§ 145-147). 


A 


P a 


B c E F 
Fic. 253. 


Given. ABC, DEF a LD: 


re equiangular having ZA = 
LB = LE, /C — ^p. angular having 


To prove. The sides of the As are proportional, 1.6.5 
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Construction, From AB cut off Ap — DE, and from 
4C, AQ — DF, 
Join PQ. 
Proof. In As APQ, DEF: 
(l) AP =D 
"EDD MEE pan 
or (given) 
“+ As APQ, DEF are congruent. 
PA <= 
But 2 0d m DEP (given) 
LAPQ = ZABC. 
PQ is parallel to BC (Th. 7) 
- xd a = E (Th. 56, Cor.) 
AP = DE and AQ = DF (proved) 
AB AG 
l DE — DF 
Similarly it may be proved that 
AC _ BC 
DF EF 


“. the ratios 4B BC CA ; 
Tatios DE’ EF Fp 97e all equal 


^. As ABC, DEF are similar. 
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Theorem 59 


(Converse of Theorem 58) 


; iangles 
If the corresponding sides of two triangl 


i i i lar 3 
proportional the triangles are equiangu 
therefore similar. 


are 


D 


B Cc 
Fic. 254. 
Given. In As ABC, DEF, ÁP, — PC — 4C, 
wen. In As i ’ DE EF DF 
To prove. ZA = £D, ZB = LE, ZC = ZF. 2D 
Construction. At E and F, on the side opposite E and 
make ZFEP = ZABC, ZEFP = ZACB; then 
FP meeting at P form the APEF. 


fn 
Proof. As ABC, PEF are equiangular by constructio 


; 4B "BG 
< JPE EP (Th. 58) 
AB BC 5 
but DE EF (given) 
AB _ AB 
PR DE 


e PE =DE. 
Similarly, PF = DF. 
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In As DEF, PEF: 
(l) PE = pg. 

(2) PF = DF. 

(3) EF is common, 

As DE 


313 


F, PEF are congruent. (Th. 13) 


In Particular 
But 


Similarly, 


and remaining oe 


tr 
to an 


iangles have 
angle of the 


ZDEF — 


ZPEF 
ZDFE — ZPFE, 
ZPEF = ZABC 
Z DEF = Z ABC. 
PEE ZACB 
ZDFE — ZACB 
ZEDF — ZBAC. 


Theorem 60 


(constr.) 


As ABC, DEF are equiangular. 


an angle of one triangle 
other and the sides about 


equi U2 angles Proportional, the triangles are 
Suiangula 


Fic. 255. 
In As ABC, DEF, 
£BAC = ZEDF and 


Given, 


AB _ AC 
DE DF 
^s ABC, DEF are equiangular, 

> 4B = 4B; LGC = ZF; 


To prove. 
te, 
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ual 
Construction. From AB, AC, cut off AP ae AQ ed 
respectively to DE and DF. 


Join PQ. 
Proof. |n As APQ, DEF: 
(1) AP — DE (constr.) 
(2) AQ = DF (constr.) 


(3) ZPAQ = LEDF (given) 


ws APQ, DEF are congruent. (Th. 4) 
In particular ZAPQ = Z DEF 
LAQP — ZDFE. 


Since AB _ AC 


DE“ pp (en) 
and DE = AP (constr.) 
also DF = AQ. (constr.) 

. AB! AG 


ee AP — AQ’ 
<. PQ is parallel to BC (Th. 57) 


«— ZAPO = ZABC 
ZAQP = ZACB. 
ZAPQ = ZDEF (proved) 
and LAQP = ZDFE (proved) 
s ZABC = ZDEF 
ZACB = Z DFE. 


<. 4s ABC and DEF are equiangular. 


ith 
Note. The student should compare this Theorem wit 
Theorem 4. 
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Theorem 6l 
In a right-angled triangle, if a perpendicular is 
rawn from the right angle to the hypotenuse, the 
triangles 


c 
A D B 
Fic. 256. 
ep. SABC, right angled at C. 
5 Perpendicular to the hypotenuse AB. 
9 prove, 


P ^s CAD, CDB, ABC are similar. 
"oof, In ^s ACB, ADC, 
“ACB = ZADC (right Zs) 
ZCAD is common. 
. ` CABC = ZACD. (Th. 10) 
Similarly AC ADC are oo eal and similar. 


are equiangular and similar. 
`. the three ^s CAD, CDB, ABC are similar. 
Corollary (: 


icular is equal 
to the rectangle BA T, i Hie peram basen 
Since As ACD, BCD (Fig. 256) are similar. 
AD CD 
CD -DE 
AD . DB = CD?2, 


perpendicular CD is a mean propor- 
ween the segments of the base. 


Corollary 2. The 
tional bet 
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Theorem 62 là 


(a) The internal bisector of an angle ofa moa 
divides the opposite side internally in the 
the sides containing the angle bisected. ; triangle 
(b) The external bisector of an angle ofa viia d 
divides the opposite side externally in the 
the sides containing the angle bisected. 


b) 
ii Fic. 257. i 


the 
(a) Given. AD bisects an internal angle BAC of 
AABC, and meets BC at D (Fig. 257 (a)). 


BD BA 
To prove. DC = Ac 
Construction. From C 


eet 
draw CE parallel to AD to ™ 
BA produced in E. 


Proof. EC is parallel to AD, and BE cuts them. 
4BAD = ZBEC (corr. Zs) 


Also EC is parallel to AD and AC cuts them. 
ZDAC = Z ACE (alt. Zs) 


But ZBAD = ZDAC (given) 
ZBEC = LACE. 
4 Hee AC, 
Since AD is parallel to EC. 
BA BD 


AE = pc (Th. 56) 
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BA BD 
UUOANG DC 

(b) Given, In Fig. 257 (b), AF bisects the external 

<CAP and meets BC produced at F. 
To FB _ BA 
Prove, FC = ac 
Proof. 


: The proof follows the same method as in (a) by 
"TEE EC parallel to AP aii proving AE = AC, 
Then'in ABAF 


and Since AE — AC, 
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Theorem 63 ma 
: i ithin 

If two chords of a circle intersect, Da by vim 
without the circle, the rectangle containe A 


taine 
segments of one is equal to the rectangle con 
by the segments of the other. 


Pau 


(1) (2) 
Fic. 258. ircle 
Given. Thechords AB, CD, intersect at O within ym i8 
in Fig. 258 (1) and without in Fig. 258 (2). The 
a case of external division (see p. 304). cases) 
To prove. Rect. OA . OB = rect. OC . OD (in both 
Construction. Join BC, AD. 
Proof. |n As AOD, COB: 
£OAD = ZOCB (Th. 41) : 
“AOD = ZCOB in (1), same angle in (2). 


re 
-, third angles in each are equal, i.e., As AOD, COB a 
equiangular and similar. 


(0) 


". rect. OA . OB = rect. OC. OD. ? 
Corollary. In (2) it may be noticed that if OBA Mg 
to rotate in an anti-clockwise direction about O, A an id 
would approach one another. Ultimately OBA wou 
become the tangent OT. 


Then the rect. OA .OB becomes OT?, 
i.e., rect. OC. OD = OT?, 
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Theorem 64 


milar triangles are proportional 
corresponding sides. 


The areas of si 


to the Squares of 


A 


s NDAGDS axe ur 
Fic. 259. 

Given, ^s ABC, DEF are similar. 

To brove. Area of AABC . BCA 

Area of ADEF = EF? 


Draw AP perpendicular to BC and DQ 
perpendicular to EF, 


hese are the altitudes corresponding to 
the sides BC, EF. 


In As ABP, DEQ: 
(1 ZABP = ZDiQ (given) 
(2) ZAPB = ZDQE (right Zs) 
(3) ZBAP = ZEDQ (TA. 10) 


S" As ABP, DEQ are equiangular and similar. 


Construction, 


Proof, 


. AP_ AB 
^" DQo^DE 

but $2 = a (given, similar As) 
. AP _ BC 
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Area of AABC _ 3BC.AP Th. 30, Cor. 1) 
NOM, Tear ABER IEF.DQ 


_ BC, AP 
. EF ^ DQ 
AP BG yoved) 


Area of AABC _ BC _ BC 
Areaof ADEF EF ^ EF 
BC? 
X EF? 


Exercise 37 


i | to 
l. ABCD is a quadrilateral in which AB is paralle 
CD. The diagonals intersect at P. Prove 


AP EP 
AC BD Jel 
2. Three straight lines OP, OQ. OR are cut by two PY ye 
vo: lines in A, D, C and D, E, F, respectively. 
tha 
AB DE 
BC EF 


3. ABCD is a parallelogram and DC is bisected at P 
If BE meets AC in O, prove that OC = 1A0. 


4. ABC is a right-angled triangle with the right angle s 
A. From A draw AD, perpendicular to BC. Prove 

BD Ag? 

DC Act 


5. In the AABC a straight line is drawn from A to meet 
BC in D. On AD any point O is taken. 


AAUB _ BD 
^AOC ^ DC 


Prove 
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B 6. ABC isa triangle and BE , CF are altitudes drawn from 
and C respectively. Prove that 


7. Cis a point on a straight line 4B. On AC and CB 
equilateral As ACD, CBE are constructed on the same side 
TAB. The straight line joining D and Æ is produced to 
meet 4B produced at F. Prove 


FB _ FC 

BC CA’ 
d 8. AB is a chord of a circle; AT and BT are tangents 
e m from A and B, If O is the centre of the circle prove 


Area of AABT | AT? 
Area of AOAB ^. Q4?' 


SECTION 16 
CONSTRUCTIONS 


Construction No. 20 


i iven 
To construct a fourth proportional to three g 
straight lines. 


Fic. 260. 


e 
Given. a, b, c are the measures of the lengths of thre 
straight lines P, Q, R. t 
Required. To find a line whose length, x, is such tha 
a- c 
5 x it 
Construction. Draw two straight lines OX, OY, of sul 
able length and containing any suitable angle. . 
Along OX mark OA = a units and AB = b units. 
Along OY mark OC — c units. 
Join AC. 


From B draw BD parallel tc AC. 
Then CD will represent x units. 


Proof. Since AC and BD are parallel. 
OC 
AB "cp (Th. 56) 
* c 
i.e., x 


^, the length of CD is the fo 


urth proportional required. 
322 
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Construction No. 21 


given straight line 
given ratio. 
P——g 

Qq— 


To divide 4 


internally and 
€xternally ina 


Fic. 261. 


ay gen. ABisa Straight line which it is required to divide 
i Mternally and (2) externally in the ratio of the lines P 
* Of lengths a and b. 


v struction, From A draw a straight line AX of 
enc ite length making any angle with AB. From AX 
t off AC equal to P, i.e., a units in length. 
(1) For internal division from CX mark off CD= b 
units, 
(2) 


(2) For external division from CA mark off CD = b 
units. 


In each case join DB. 
, “tom. (C rea CE parallel to DB to meet AB al E, 
Mternally in Fig. 261 (1) and externally in Fig. 261 (2). 
E is the point of division in each case. 


Proof. In each figure EC is parallel to the side BD of 
the AABD. 


^ AE:EB=AC:CD (Th. 56) 
MO OD = wes: 
Tu =æ.  AE:EB— a: b. 
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Construction No. 22 


á is the 
To construct a straight line whose eng e ^ 
mean proportional between the lengths 
given straight lines. 


D 
A [s 


E 
Fic. 262. 


e 4 
Given. P and Q are straight lines whose lengths ar 
and b units. ON 
Required. To find a straight line of length x units $ 
that 
Z = H or x? — ab. 


Construction. Draw a straight line of suitable length. 

Along it mark off AB — a units, BC — b units. 

On AC as diameter draw a circle, centre O. 

Through B draw a chord DE perpendicular to AC. 
BD is the line required. 


Proof. Rect. AB. BC = rect. BD. BE (Th. 63) 


: AB BE 
i.e., BD BC 
But BD = BE. 
AB BD 


es BD ~ BC’ 
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and AB . BC = BD? 
or NT and x? — ab. 
eh 
Corollary. This construction also provides the solution 
of the problem: 


To construct a Square equal to a given rectangle. 


es is the side of a Square which is equal to the rectangle 
Whose adjacent sides are AB and BC. 


APPENDIX B 
SECTIONS OF A CONE AND CYLINDER 


It has previously been shown that the normal sections of 
a cylinder and cone are circles. Oblique sections of bis 
solids produce other curves which are of considera 
interest and importance. These curves are as follows: 


; e 
(1) Ellipse. Oblique sections of both cylinder and y" 
produce the curve known as the ellipse. Examples 
these are shown in Fig. 266 (a) and (b). 


Ellipse 
(b) 


Fic. 266. 


tive 
The student has probably observed that a per such 
view of the circle appears as an ellipse and is draw? ig. 209 
in the bases of the cone and cylinder not only. S book. 
but in all drawings in which they appear in this de DY the 
In the case of the cylinder, whatever the angle is alway? 
plane of the section with the central axis the curve pe à 
a circle or an ellipse. But in the cone the curve 
328 
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hyperbola according to the 


th the central axis. 
ed surface of the solid 


duces an ellipse. But 


Circle, ellipse, parabola or 
t made by the section wi 
thro hen the section meets the curv 
edi ughout as in Fig. 266 (a) it pro 
O cases occur as shown below. 
E. The parabola. When the oblique section of the 
Fi 2 25 parallel to the slant height, ora generating line, as in 
he 267 the curve is a parabola. PQ, which is the axis of 
e curve (see Fig. 112) is parallel to OA in Fig. 267 and 


Parabola Hyperbola 
Fic. 267. Fic. 268. 
consequently will never meet it. If therefore the cone be 
ne is unlimited in 


se generating li ited | 
ch to an infinite 


bola will stret 
hape of the curve 


regarded as a solid who: 
The general E 


length ($187) the pare 
distance in one direction. 
110 and 112 


distan eres 12. Rae 
indicated in P16 When the section 1s oblique but 


erbola. em 
(3) The hyP o either of the above conditions, the 
hown in Fig. 268. 


mt 
does not confor! pola. It appears as S : 
the curve will stretch to 


curve is a hyper MG 
nlimited cone ¢ 
In the case of the va will not be bounded in extent by the 


; B tent a ; 
an infinite face of the solid. 
AE cone is à complete double one (§ 187) the 
If howe evident cut the other cone. 
e will be two parts or branches of the 


curve an 
these i5 shown ! 


Pe eee 


ANSWERS 
Exercise | (p. 43) 


1. (1) Acute, (2) obtuse, (3) acute, (4) obtuse, (5) obtuse, (6) 
adjacent 


2. 


nen 


Qolrespmr 


(a) # of a right angle, or 72°; (b) $ of a right angle, or 162 
(a) 524°, 44? 45’, 17° 20° 

(b) 68°, 25° 30’, 158° 45’ 

124°; 56° 

BOC; DOB; COA; DOA 

Each angle is the complement of L POB 

A = 40°; B = 110° 

(1) 120°; (2) 270°; (3) 720° 

(1) 60°; 180°; 25° 


Exercise 2 (p. 54) 
45° 2. 90° 3. W. by N. 


| W.S.W. 5. 1123? 6. Due E. 


32° 40 8. 33° (or 97°) 


Exercise 3 (p. 65) 
4:6 cm; 99°; 45° (all approx.) 
51°, 59°, 70° (approx.) sum = 180° 
90°; 3-8 cm, 4-4 cm 


(1) Yes (A); (2) no; (3) no; (4) yes (C); (5) yes (C) 
C = 29° or 151° 


As AOD, COB are congruent (Theor. A)... CB = AD 
As in No. 8, AD = CB; also As AOC, AOD are congruent 


(Theor. A). -. 4C = AD 
10. As AOC, AOD are congruent (Theor. A). ~. CO = OD 


Exercise 4 (p. 75) 


1. Corresponding angles: PXB, XYD; PXA, XYC; QYD, 
YXB; QYC, YXA 

Alternate angles AXY, XYD; BXY, XYC 

Interior angles BAY, AYD: AXY, XYC 

2. Following angles are 60°: AXY, XYD, QYC 


3, PXA = 60; BXY=60°; DYX = 120°; 9 
PXB = 120° 


Following angles are 120°: PXA, BXY, XYC, QYD 
QYD = 60°; 


4. ABC = 55°; BAC = 85°; ACB = 40? 


D = 68°; ABD = 68°; CDB 
s 2 BG = corresponding Z DQR 
8. 80° 


= 112°; CAB = 112°. 
= corresponding Z DEF 
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pojas 


om 


a 


- (a) 70° 
2-8 cm 


So SU IE IO 
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Exercise 5 (p. 80) 


X (a), 58°, (b) 53°, (c) 44°, (d) 112° 

qu 10" 3. 72° 
saeig 5. 30°, 60°, 90° 
ep qu 7. 35°, 55°, 35° 
- 6". B0% se 9. 55°, 45° 


Exerci 7 
(a) 6715, (b) 35°, (c) pas 6 (p 84) 
ji 4 .. 0 1165, (c) 90° 
(b) B ; C=48' 


9. 115? 
s are congruent 


Exercise 8 (p. 106) 
70°, 110°, 110°; (b) 72°, 72°, 108°, 108° 
5. Rectangle 


Exercise 9 (p. 114) 


- 50 cm? 2 
3. 26-1 cm 
(a) 542-5 cm*; (b) 32-495 m*; (c) 87-78 cm? 
48 cm? 6. 21-2 cm? 
2-52 cm? 8. 4-8cm 
12-96 m2 10. 144 m* 
Exercise 10 (p. 120) 
Yes; (b) no; (c) yes; (d) no = 
t6) VEm; @) 12VZm — 3. (a) YŠ m; (b) 6V3m 
3-47 m 5. 23-43 km 
77-5 m 7. 8-54 m 
6 cm 9. 9-68 cm 
- (a) 10-82 cm?; (b) 10 cm 
10-9 m (approx.) 14. 2-6 m 


Exercise || (p. 127) 


- (a) 128$°; (b) 135°; (c) 144° 2. 18 


Olm; (b) 0-17 m (approx.); (c) ae m? 
5. 9; 140° 6. 4 
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Exercise |2 (p. 141) 
(a) A straight line parallel to the horizontal surface 
(b) The circumference of a circle of radius 3 m 


T : the 
(c) The circumference of a circle, concentric with that of 
track 


A straight line parallel to the base 


A straight line perpendicular to 4B and bisecting it 
A semi-circle 


A straight line parallel to AB 
A straight line perpendicular to AB and drawn from B. 


A straight line, the hypotenuse of a right-angled triangle 
The arc of a circle radius BC and centre C 


PAO AEE 


Exercise 13 (p. 149) 
1. (a) 31-416 cm, (b) 7-854 cm, (c) 5-236 cm, (d) 3-927 cm 
2. 8.378 cm 
3. (1) 3-1416 in; (2) 0-785 sq. in 
4. (1) 2-618 cm; (2) 9-59 cm; (3) 10-9 cm 
5. 15:5 cm 6. 3-93 m 
7. 10:6 cm 8. 11-3 m 
9. 17-9 cm? 
10 


- (a) 5:71 cm?; (b) 1-71 cm?; (c) 98-9689 cm; (d) 10-14 cm? 
ll 1:43 km? 


Exercise 14 (p. 155) 


1. 1-5 cm 2. 10 cm 
3. 24 cm i 4. 7 cm or 17 cm 
7. A circle concentric with the given circle and of radius 4 cm 
Exercise 15 (p. 160) 
2. 1:15 cm 3. 45°, 60°, 75° 
9. 95° 
Exercise 16 (p. 168) 
1. Two. 3. 4 cm 4. 2/7 cm 
5. A concentric circle of radius VB cm 6. 80? 
9. A concentric circle. 
10. A straight line perpendicular to the given straight line at the 
given point 


11. Two straight lines at right angles to one another and bisecting 
the given angles 
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Exercise |7 (p. 178) 
l Ap. 2cm, PB =3 cm, AQ = 3:2 cm, QC = 4-8 cm, BC = 
15 cm 


Exercise 18 (p. 184) 


l. (a) gt = b3 + c? — 2bc cos A 

2 (b) b? — ge + c? — 2ac cos B 

* (a) Area = kbc sin A 
3 (b) Area — lac sin B 

oS 19 4. c= 4cm 
9: cos C = 0-0069 6. 19 
T. 19 cm (approx.) 8. 72-4 cm? (approx.) 
Exercise 19 (p. 189) 
1. (a) Yes, With 4 axes of symmetry, diagonals and straight line 


LN d : Á 1 i ight angles 
Joining bisectin airs of opposite sides at rig 5 
(6) Yes, td den the duutent lines bisecting pairs of opposite 
Sides at right angles 

(c) Yes; Straight line joining the centres 

(d) Yes; radius bisecting the angle of the sector í 

9 No; unless the two non-parailel sides are equal 


Í) Yes; perpendicular bisector of the right angle. Triangle 
is isosceles 
(g) No 


(4) Yes; straight lines drawn from an angular point per- 
pendicular to the opposite side 
3. Three 


axes; the straight lines bisecting the angles 
4. Yes; the two diagonals 
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Exercise 20 (p. 199) 


72 m? 2. 2 897 g approx. 
. 950 cm? 4. 5 000 m? E 
. 0-052 km? approx. 6. 24-73 m*; 4-15 kg appro 
3 000 1 approx. 8. 61 mm? 
31p approx. 10. 0-16 m approx. 


49 cm? approx. 


Exercise 21 (p. 210) 


(a) 144 m3; (b) 184-4 m? 
15-6 m? 
(a) 205-95 mm?; (b) 190-9 mm? 


2-5 m? 


. (1) 17:4 m?; (2) 32-4 cm? 
7-98 m 


(1) 690 m, (2) 580 m, (3) 83 500 000 m? (approx-) 
4.82m; 36-7 m* 98 m? 


9. 
(1) 33-5 m?, (2) 34-2 m? 
38 cm?; 28 cm? 


Exercise 22 (p. 218) 


39-4 cm?; 16-32 cm? 2. (21-12 
509 x 10° km? 4. 4:7 
235-6 cm? 


; 6. 5-9 kg , 
A double cone, with a common base, and different heights. 


. 54 0007 mm? 


476 m? (approx.) 


CALCULUS 


P. ABBOTT 


This book has been written as a course in calculus both 
for those Who have to study the subject on their own 
and for use in the classroom. 

“lthough tt ig assumed that the raudar Has an Under- 
Standing of the fundamentals of algebra, trigonometry 
and Seometry, this course has been carefully designed 
for the beginner, taking him through a carefully graded 
Series of lessons. Progressing from the elementary 
Stages, the Student should find that, on working through 
the course, he will have a sound knowledge of calculus 
which he can apply to other fields such as engineering. 
A full length course in calculus, revised and updated, 
InCorporating SI units throughout the text. 
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ALGEBRA 


P. ABBOTT 


Fully revised to include SI units throughout, this Lara 
provides an introduction to the principles and foundatlo a 
of algebra, with particular emphasis on its applications 
engineering and allied sciences. text 
Covering the ground from the very beginning, the " 
explains the various elements of algebra such as equation A 
factors and indices, continuing on to simple progres 


sions 
à : an 
and permutations. The course is carefully graded 


" a A on 
only a knowledge of elementary arithmetic IS assumed r 
the part of the student. Included in each chapter 2 


: i the 
number of exercises designed to test and encourage 
reader's progress. 


"Probably the best value for money on the market.’ gl 
Higher Education Jour 
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A lucid introductory course which guides the 
reader confidently through the essential 
concepts and applications of geometry. 


of the 
This book gives step-by-step explanations , 
principles of both practical and abstract geometry. ony a 
knowledge of elementary arithmetic i is assumed A 
part of the student, and clear illustrations, worke i 
examples and exercises with answers are provide 
throughout. 
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